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Basic Complex Numbers

Premises: r,0,a,b€E R,z € C,z =a+ib=r-e?

a+bi (rectangular form) p. 248 [3]
r-et? (polar form) p. 248 [3]
Re (a+bi) =a (real part) p- 3 [4]
Im (a+bi) =b (imaginary part) p- 3 [4]
r=la+bi|=+va?>+b>  (numeric value - a.k.a. modulus) p- 3 [4]
Vr#0:arg(r-e?) =6  (argument) p- 3 [4]
a=r-cosb (rectangular vs. polar conversion) p. 248 [3]
b=r-sinf (rectangular vs. polar conversion) p. 248 [3]
a+ib=r(cosf +isinf) (rectangular vs. polar conversion) p- 3 [4]
r=+va?+b? (rectangular vs. polar conversion) p. 248 [3]
2=-1 (i) p. 252 [3]
Algebra in C
zrw=w+z Z-w=w-2 (commutative)
z+(w+u)=CF+w)+u z-(w-u)=(z-w) u (associative)
z-(wtu)=z-w+z-u z-(w—u)=z-w—2z-u (distributive)
z+0==z2 z-1=2 (0 and 1)
z—2=0 z-(1/2)=1,2#0 (opposite numbers)
z—w=z+(—w) zfw=z-(1/w) (minus and division)
Complex Conjugate (only in R?)
Z-W=ZW Z =(2),w#0 (multiply and divide) p. 253 [3]
Z+w=z+w Z—-w=z—w (plus and minus) p- 253 [3]
2.z =z p- 253 [3]
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Misc

e A complex number is rational if both real and imaginary parts are rational.
(p- 1.16 [1])

o f(0) = e defines a continuous group homomorphy of the group of the
real numbers (R, +) on the circle group (T, ), where T = {z € Z | |z| = 1}
(p- 22 [4])
Exponential function (C)

Premises: a,b,r,s,0,0 € Rn € Z

et = etelt (complex exponent def.) p. 251 [3]

(rei?)(sei?) = (rs)ei(0+®) (multiply power rule) p- 251 [3]

et = e%(cosb + i sinb) p- 22 [4]

le?+ib| = o (radius of exponent) rem. 1.17, p. 22 [4]
Re(e®t®) = e®cos b (real part of exponent) rem. 1.17, p. 22 [4]
Im(e?*+) = e?sinb (imaginary part of exponent) rem. 1.17, p. 22 [4]

(cos@ +isinf)? = cos(8¢) + isin(f¢p) (De Moivre) p. 22 [4] (only shown for N)
eilmn) = gil=mn) (n full circles on C)

Premises: z,y,2 € Cn € Z

e = (cosz) + (sinx)i (Euler) p- 21 [4], p. 249 [3]

cosz = 1(e'" 4+ e~ i) (Euler) p. 21 [4], p. 2.1 [1]

sinz = 2%.(eiz — e i) (Euler) p- 21 [4], p. 2.1 [1]

cosh(z) = 2(e” + e ™) (definition) (p- 23 [4], p- 122 [3])

sinh(z) = (e —e 7 (definition) (p- 23 [4], p- 122 [3])
e’y = e” (exponent rule) p. 20 [4]

e = elm (negative exponent)  p. 20 [4]

() = e

(ze¥)* = x*e¥? (exponent distrib)

T = eV = eli2m™) (e is 2mi-periodic) (p- 22 [4])

T=1& 2z €2ml (1-crossings for exp)  thm. 1.18, p. 23 [4]
cosx =0z € {5 +7Z} (O-crossings for cos)  thm. 1.18, p. 23 [4]
sine =0& 1z €nZ (0-crossings for sin)  thm. 1.18, p. 23 [4]
coshz =0 < x € {5 +nZ}, for cosh: C = C (0-crossings for cosh) (p. 24 [4])
sinhz =0 & 2 € inZ, for sinh : C - C (0-crossings for sinh)  (p. 24 [4])

Square Root

VO € [0,2n[:Vr >0 € R:V2€Cz =r-e : 2 = /r-el0/2) def p. 254 3]
Vz,2€C:u? =28 w==22 thm. 9.4 p. 254 [3]
Ve Rz >0:y/—xz=+/(-1)-2=+v-1-\/x =iz thm. 9.5 p. 255 [3]
Be careful: /z-w # /z - y/w !! p- 255 [3]



Metric stuff in C

d(z,w) = |z — w|

open, closed, limited sets are like R?
K(a,r)={2€C|la—2z|<r}

K'(a,r) = K(a,7)\{a} ={z € C|0< |a—2| <}
f:A->Cfor ACC

(Re f)(z) = Re (f(2)), (Im f)(2) = Im (f(z))
f)=Re f(z) +iIm f(z) for z € A

| Re 2| < |2],| Im 2| < [2], |2 < | Re 2|+ | Tm 2|,z € C
Ve>030>0Vz e A: |z — 2| <d=|f(2) — f(z0)| <€
Re (f) and Im (f) continuous < f continuous

Formulas for complex numbers

Vz,y € C,n € N:

|z + y|? < 2(|z|* + |y|?) (Cauchy-Schwartz for (1,1) and (z,y) in C?)

Re z < | Re z| < |z
oy <P +lD
(@™ —y")/(&—y) = Xpoy 2" Y

1 Trigonometry
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1.1 Definitions of Trigonometric Functions (C)

n 2
exp(z) Do, ‘2—,1=ﬂ 12n+ r+ % 2_}_ =
cos(z) Zfzo%:l_z_!+i_!_+...
oo (—DmeHl z? | 2®
sin(x) Zn;om_@«_ﬁ_}_ﬁ_.,_...
tan(z) = Z;’;E?E, forz € C\ {§ +7Z}
cot(z) = Zi’;(;) ,forz € C\ 7Z
sec(a:) = cosl(zc)
CSC(.’E) = sml(w)
n 2 4
cosh(z) >, Eq=l+g+4+
20 +1 3 5
sinh(z)  Yoto oo =r+ 5+ 5+
cosh(z) = %(ez + e %)
sinh(z) = 3(e* —e®)
tanh(z) = z;’;}ﬁ%fc)g, forz € C\ i{5 +7Z}
coth(z) = (s’fjﬁ(i), forz € C\ inZ
sech(z) = m
csch(zx) = m

1.2 Identities
1.2.1 Exponential Identities (C)

exp(z +y) = exp(x)exp(y) (p- 20 [4])
e =exp(l) =~ 2.718... (p. 20 [4])
exp(z) =e” (p- 21 [4])
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1.2.2 Sine / Cosine Identities

cos’z +sinz =1,forz e C (idiot formula, p. 24 [4], p. 17 [2])
cos(z + 2m) = cos(z) (p- 171[2])
sin(x + 2m) = sin(z) (p- 171[2])
cos(—x) = cos(z) (p- 21 [4], p. 17 [2])
sin(—z) = —sin(z) (p- 21 [4], p. 17 [2])
cos(m — ) = —cos(z) (p- 17 [2))
sin(m — z) = sin(z) (p- 17[2])
cos(§ — ) = sin(z) (p- 17[2], p- 116 [3])
sin(§ —z) = cos(z) (p- 17 2], p- 116 [3])
cos(z + y) = cos(z) cos(y) — sin(x) sin(y), for z,y € C (p- 22 [4], p- 116 [3])
sin(z + y) = sin(z) cos(y) + cos(z) sin(y), for z,y € C (p- 22 [4], p- 116 [3])
cos(z —y) = cos(z) cos(y) + sin(x) sin(y) (p- 116 [3])
sin(z — y) = sin(z) cos(y) — cos(x) sin(y) (p- 116 [3])
cos(2x) = cos?(z) — sin?(x) (p- 116 [3])

=1—2sin’(z)

=2cos?(z) — 1
sin(2x) = 2sin(x) cos(z) (p- 116 [3])
cos?(Z) = 1(1+cosz)
cosz =0 &z € {5 + nZ} (0-crossings for cos) thm. 1.18, p. 23 [4]
sinz =0 & 2 € wZ (0-crossings for sin) thm. 1.18, p. 23 [4]

1.2.3 Tangent etc. Identities

tan(—zx) = —tan(z) (p- 18 [2])
tan(z +7) = tan(x) (p- 18 [2])
tan(5x) = l_il:o(sm()w) (Mat3GE instructor)
tan?(z) +1 = sec?(x) = Cosé(m) (p- 19, 30 [2])
sec?(z) = tan?(z) + 1 (p- 19, 30 [2])

1.2.4 Hyperbolic Identities

(coshz)? + (isinhz)? =1, forz e C (p- 24 [4])
cosh® z — sinh® 2 =1,forzeC (p. 24 [4], p- 122 [3])
cosh(ix) =cosz, for z € C (p- 24 [4])
sinh(ix) =isinz, for z € C (p- 24 [4])
cos(ix) = coshz, for x € C (p- 24 [4])
sin(iz) = isinhz, for z € C (p- 24 [4])
cosh(z + y) = cosh(z) cosh(y) + sinh(z) sinh(y) (p- 122 [3))
sinh(z + y) = sinh(z) cosh(y) + cosh(z) sinh(y) (p- 122 [3])
sinh(2z) = 2sinh(z) cosh(z) (p- 122 [3])
cosh(2z) = cosh?(z) + sinh?(x) (p- 122 [3])

=1+ 2sinh®(2)

= 2cosh’(z) — 1
coshz =0 &z €i{f + L}, for cosh: C— C (p- 24 [4])
sinhz =0 &z €inZ,for sinh: C - C (p- 24 [4])



2 Differentiation and Integration Rules

¢(x) ¢'(w) = g ¢(x) f¢ Ref.
f@)g(x) fl(z)g(z) + f(z)g' () fF z)dz (p. 10, 31, Integration by Parts [2])
where F ff
flg(x)) f:(g(x))g'(x) , [ f(t)dt, where t= g( ) (p- 10, 31, Substitution [2])
;gm)) £ )9((9)@)1;(2 )9’ (z) (p. 10 [2])
3 Differentiation and Integration Table (C)
f(z) f'(z) = L f(z) [ f(z)dz Ref.
es,r €eC €° (Tmp: formula below for C?) (p- 19 [4])
eke kek® rekr 4 C (p- 14, 30 [2])
cos & —sinz sinz + C (p- 21 [4], p. 19 [2))
sin cosx —cosz+C (p- 21 [4], p- 19 [2))
tan z L =1+tan’z —In(|cos(z)|) +C (exc. 1.17 [4], p- 19, 30 [2])
cosh(z)  sinh(z) sinh(z) + C (p- 24 [4], p- 122 [3])
sinh(z) cosh(z) cosh(z) + C (p- 24 [4], p- 122 [3])

4 Differentiation and Integration Table (R)

fl) @) =L f@) f (= Ref.
cot — csc?(x) In(] sm(a:) )+ Internet...
sec(x) sec(z) tan(x) In(| sec(z) + tan(x)|) +C  Internet...
cse(x) —csc(z) cot(z) In(|csc(z) + cot(z)|) + C  Internet...
tanh(z)  pem (p. 122 [3])
coth(z) —m (p- 122 [3)])

4.1 Composite Differentiation and Integration

f(x) fl(z) = % (x) [ f(z)dz Ref.
cos(kx)  —kzsin(kzx)

sin(kx)  kx cos(kx)

cosh?(z)  2sinh(z) cosh(z)

sinh®(z)  2sinh(z) cosh(z)

5 Integration Identities (C)

For f,g:[a,b] > C, f = Re f +ilm f:

° f:f(x)da: deffb Re f(z)dx +ifb Im f(z)dx . 20 € 1ap (1.3 € )y
. Re(fab f(t)dt f Re f(t)dt . 20 e 141y

. Im(f:f :f Im f(t)dt . 20 € 12

. fb f f(t dt+f g(t)dt . 20 € 1)

0fcf dt—cf F(®)dt . 20 € 1a1)



. f: f(z)dz = f: f(z)dz (complex conjugate) (1.5 € r11y

o | [0 F)dt] < [P F(E)|dt hm 210 20 € o
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