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1 The Real Numbers

e R is an ordered body (%) d;f it has the operations +, -, < with a lot of
well-known axioms (p. 1 [1])

1.1 Limited Subsets of R

e A C R is upwards limited djf dseR:Vre A:x <s. siscalled an
upper limit or a majorant (¢) for A (def. 1.1 [1])

e A C R is downwards limited djf dJneR:Vere A:x>m. mis called a
lower limit or a minorant (%) for A (def. 1.1 [1], p. 6.3 [2])

o ACRis limited ;;; A upwards and downwards limited (def. 1.1 [1])

This definition of limited is equivalent to the one for metric spaces (p. 1 [1])

2 Supremum / Infimum Properties

e The supremum / infimum properties are also called the completeness az-
iom (p. 6.3 [2])

e Any non-empty upwards limited set A C R has a smallest upper limit
sup A (the completeness axiom). From this follows:

1. Vee A:z <supA
2. se RwhereVxe A:x <s=>supA<s

Any downwards limited set §) # B C R has largest lower limit inf B

1.Vee B:x>inf B
2. meRwhereVeeB:z>m=inf B>m

And we define:

1. A not upwards limited = sup A ;7 00

2. sup(bdjf — 0
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2.1

3. B not downwards limited = inf B djf — 0

4. 1nf®def

(ax. 1.2 [1], p. 6.3 [2])

Some Theorems on Supremum / Infimum

A C R does not always contain sup A and inf A, but:

1. 0 AACRupwardsItd. = Ve>0:3r € A:supA—e<z <supA
2. 0 # B C Rdownwardsltd. = Ve >0:3x € B:inf B+e >z > inf B

(rem. 1.4 [1])
Vz € R:3n € Z: z < n (principle of Archimedes) (thm. 1.6 [1])
Va,be R:3Ir € Q:r € ]a,b[ (cor. 1.7 [1])

Theorems on Sequences and Sets Using sup / inf

A sequence ()22, is growing z; < z2 <z3 <--- (p. 2[1])

A sequence (z,)52; is falling x4 > x2 > x5 > -+ (p- 2 [1])

The set of a sequence (T,)52; ;. oy the set {z1,22,...} (p- 2[1])
(zn)52y upwards limited | s the set of (zn,) upwards ltd. (p. 2 [1])
()52, downwards limited s the set of (zn,) downwards 1td. (p. 2 [1])

Any wupwards limited growing sequence (z,) of real numbers converges
(thm 1.5 [1])

Any downwards limited falling sequence (x,) of real numbers converges
(thm 1.5 [1])

Limes Superior and Limes Inferior

. limsup =

Limes superior for any real sequence ()30 "0 0 %n o)

inf inf sup

neNSn = N k>m Tk where s,, = anwk (p- 5 [1])

Sp = k> zk is a falling sequence since we take sup. of gradually smaller
sets (p. 5 [1])

Sp = ,:;I; xy downwards limited = (s,) converges and then:

lim sup _ lim _ lim sup
n—oo In = nsoodn = poeo anwk (p' 5 [1])
liminf =

Limes inferior for any real sequence (z,)52: "0 Tn o f

sup __ sup inf _inf
nentn = el kon Thy Where tn = S0 ap (p. 5 [1])

tn, = k‘;fn xk is a growing sequence since we take inf. of gradually smaller

sets (p. 5 [1])



t, = % z, upwards limited = (t,) converges and then:

n T k>n
liminf _ lim _ lim inf

inf
e For any real sequence ()52, where s, = /3P x3 and t, = 3, x:

ty <ty <--- < lminfg Llimsub g << sy <5y (pe 5 (1))

n—oo N

e A real sequence (z,)52, converges towards a € R &

fminf g, = MWy — g (thm. 3.2 [1])

o (2,)p2; limited real sequence = limsup z, and liminf 2,, are both finite
real numbers. More specificly: a < z, < bfor alln € N= g < liminf, <

N n—00
1m su
ooy < b (lemma 3.3 [1])

e For any real sequence (z,)52;:

1. a =limsupz, € R finite number =

Ve > 0:{n € N| |z, —a| < €} infinite and {n € N| z,, > a+ €} finite
2. a = limsupz, € R finite number =

a is the largest condensation point for (z,)

3. b =liminf z, € R finite number =

Ve > 0:{n € N| |z, —b| < €} infinite and {n € N | z,, > b— €} finite
4. b =liminf z,, € R finite number =

a is the smallest condensation point for (z.,)

(thm. 3.4 [1])
e For any real sequence (,,)22,:

1. limsup z,, € R finite number =

there exists a subsequence (zn, )32, where '™

oo Ty, = limsup zp,
2. liminf z,, € R finite number =

there exists a subsequence (z,,, )32, where '™

s oo Ty, = liminf z,,

(cor. 3.5 [1])

e Any real sequence in a limited interval has a condensation point (Bolzano-
Weierstrass) (thm. 3.6 [1])

e Any Cauchy sequence in R converges (Ordinary Principle of Convergence)
(thm. 3.7 [1])
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