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1 Probability

1.1 Intro, Notation, Terminology

Premises: 2 sample space, A all possibilities of ()

e The sample space Q (greek : 6.x.) “f . 21 e

The set of all the possible results of an experiment of chance (greek : m.7.).
Q may be discrete (i.e. finite or countable) or continuous, i.e.:
QO ={w1,...,wn}: finite (discrete)
O = {w1,w2,...}: countably infinite (discrete)
Q={weR|0<w<1}: Over-countably infinite (continuous)
e For w € Q, w is called a sample point / basic possibility . 21 € np

e The set of all possibilities A of Q “/ (aee 215 22 ¢ )
Either the power set of Q: A= P(Q) (always the case for discrete Q)
or a subset of the power set: A C P(Q) (only for continuous )
In general A must also be a o-field or a o-algebra, which means:

1.0 A
2. (AeA)=> (CAe A
3. (Wwed:A, €A = (NyesA, € A) for countable index set J

From these it follows that e.g. also countable unions and @ are in A.

e For A C (), A is called a possible outcome (aer. 2.1 p. 22 € 111
E.g.: For a die roll of a 6-sided die: 2 ={1,...,6},w=4, A=1{1,2,3}

e For A€ A, A is a possible outcome (aet. 2.1 p. 22 € 1
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1.2

1.3

Different Probability Theories

Theory of Laplace (for discrete ):
If all possible outcomes have the same probability.
Assume that a possible outcome A results from N(A) elements of 2, then

P(A) = %, when N = N(Q) {p. 26 € [1])

Geometric Probabilities: Let Q be an over-countable set with measure
1(Q) (area, volume, etc.) and let A C Q with p(A) being the measure.

If all possibilities of Q have the same probabilities, then P(A) = Z gég (p. 27
e

Theory of Von Mises:
If the relative frequency of the possible outcome Ais R,(A) = m"T(A)’ then
P(A) =lim, RV(A) (p. 40 € [1])

For both Laplace and Von Mises Theory the azioms of Kolmogorov holds
with finite additivity instead of o-additivity. (. 26 € 111)

Homeomorphic probabilities %7

V] € {1,.. . ,N} : P({wj}) = % (rem 6.1 (i) p. 42 € [1])

Counting the Number of Elements N(A) of a Possible
Outcome A

For a finite sample space Q with v elements: The power set P(f) is:

OEOE=pE:

For finite disjoint Ay, Aa, ..., Ap:
N(A T UAsU---UA) =N(A4A)+ N(A) +---+ N(4,)
(summation principle of combinatorics) (. 20 € 11y

For finite disjoint Ay, As, ..., Ap:
N(Al X A2 X - XAn) ZN(A]_)N(AQ)N(A”)
(multiplication principle of combinatorics) (p. 20 € i1y



1.4 The Axiomatic Foundation by Kolmogorov

Let Q be the sample space of an experiment of randomness with A being the
o-algebra of possibilities.
Probability is a set function P : A — R which complies with the following:

[ ] Axioms: (def. 6.1 p. 41 € [1])

1. VA€ A: P(A) >0
2. P =1
3. P(UR,A;) =32, P(A;) for pairwise disjoint A; € A. (o-additivity)

The probability space “7(Q, A, P)
e Theorems (from the axioms), where A, B € A:

1. P(@) =0 (thm. 6.1 (i) p. 43 € [1])

2. Y7 P(4;) = P(UY_, A;) for pairwise disjoint A; € A
(ﬁm’te additivity) (thm. 6.1 (ii) p. 43 € [1])

3. P(EA) =1— P(A) (shm. 6.1 (i) p. 43 € [1])

4. P(A\B) = P(4) — P(AN B)
And if B C A, then P(A) — P(B) (thm. 6.1 (iv) p. 43 € [1])

5. 0< P(A) <1 (thm. 6.2 p. 45 € [1])
6. For AC B: P(A) < P(B) - i.e. P is a growing set function

(thm. 6.2 p. 45 € [1])

7. For A; € A: P(UR,A;) < Zfil P(A;) (thm. 6.3 p. 48 € 1])
(Boole’s inequality | o-subadditivity / countable subadditivty)

e Theorems similar to the inclusion principle (and it’s inversion), A, B € A:

1. P(A U B) = P(A) + P(B) — P(A N B) (thm. 7.1p. 53 € [1])

2. P(CANCB)=1—- P(A) — P(B) + P(AN B) (cor. 7.1p. 53 € 111y

3. Poincare’s Theorem: For Ay,... ,A, € A: (tum. 7.2 52 € 1)
P(AiU---UA)=8,1—Sy2+---+ (-1)*715,,, where
Su,l = Z;jzl P(Ai)a
vz = 200 Shmipa P(AiN 4y),

Svr = P(A; NAj N---NA;), where the sum comes from
all the coices of the r indices {i1,... ,i.} out of {1,...,v},

Syy=P(AiNAN---NA4,)

4. For Ay,..., A, € A: (cor. 72p. 54 € (1))
P4 Nn---nC4,)=1-S5,1+S,2+---+ (-1)"S,,, where
Sq,r are as in Poincare’s theorem.



1.5 Special Cases

e For Ay,...,A, € A: The A; are exchangeable dif(def. 7.1 p.57 € [1])

V’I’E{].,... ,V}:P(AilﬂAi2ﬁ---ﬂAir)=Pr for

any choice of indices {i1,... ,ir}.

Le: P(A1) = P(A3) = - .- = P(4,),
P(AlﬂAg):P(Al ﬂAg) :---:P(A,,,lﬂA,,),
P(AlﬂAzﬂ---ﬂAT):P(AgﬂAgﬂ"'ﬂAr+1) =---

e For exchangeable Aq,... , A, € A: (cor. 7.3 p.57 € [1])

1. P(AjU---UA,) = ( II )P(Al)— < ’; )P(A10A2)+-..+
(—1)7t ( : )P(Alﬂ---ﬂAr)+---+(—1)”—1 ( Z
2. P(CA1n---nCA,) =

1—(’1’)P(A1)+---+(—1)"( Z )P(Alm---ﬂA,,)

) P(A;Nn--NA,)

1.6 Bound Probabilities (A Posteriori Probabilities)
Premises: (12, A, P) probability space, A,B € A, P(A) >0c¢
e The probability of B bound by A (when P(A) > 0) %/

the set function P(B|A) = Pg;zg)B) = NJ(\;?E)B) (def. 1.1 p. 80 € [1])

e The azioms of Kolmogorov also hold for P(B|A): (at. 1.1 . 80 € 11y
1. P(B|A) >0
2. P(Q4) =1
3. P(U2,B;|A) = 32, P(B;|A) for pairwise disjoint B; € A
Thus P(:|A) is a probability function, so the usual theorems apply. e.g:
(rem. 1.1. p. 80 € [1])
1. P(CB|A) =1— P(BJA)
Warning: P(B|CA) = 1 — P(B|A) does not hold!
9. P(31 U leA) — P(BlﬂA)+P(B§Jﬁ(£%7P(BlﬂBgﬁA)

e Multiplication theorem: For Vi € {1,...,v}: 4; € A and
P(Al NAsN---N A,,_l) > 0: (thm. 1.1 p. 81 € [1])
P(A1 ﬂAQﬂ"'ﬂAy) =
P(Al)P(A2|A1)P(A3|A1 n Ag) .- P(AylAl n---N Au—l)

e Theorem of all probabilities: For partition {A; | i € N} of sample space Q
where Vi € N : P(4;) > 0 we have:
VB e A : P(B) = Z:il P(Ai)P(B|A,~). (thm. 1.2 p. 84 € [1])

e Bayes theorem: For partition {A; | i € N} of sample space 2 where
Vi € N: P(4;) > 0 and a possible outcome B € A where P(B) > 0:

Vi€ N: P(Ai|B) = gt GAEEAD o 130 ss e )

o The theorem of all probabilities and Bayes theorem also hold for
finite partitions. (rem. 1.3 p. 85 € [11)



1.7

Stochastic Independence

Premises: (Q, 4, P) probability space, A,B € A

For A, B disjoint: P(B|A) =0 (. 91 6) € (1))

For AC B (so: ANB = B): P(B|A) =1 (. 01 G e uny

For BC ACQ (so: ANB = B): P(B|A) > P(B) (. o1 i) € 1)

For (B C A C Q (so: ANCB =CB): P(B|A) < P(B) (. 91 Gv) € 1)

For P(A),P(B) > 0: P(AN B) = P(A)P(B|A) = P(B)P(A|B) . o1 ¢ 1
B is stochasticly independent of A */ P(B|A) = P(B) . o1 v e )

If B is stochasticly independent of A (or vice versa) then:
P(A n B) = P(A)P(B) (p. 91 € [1])

A and B are stochasticly independent dif
P(A n B) = P(A)P(B) (def. 2.1 p. 92 € [1])

If A and B are stochasticly independent, then so is:
A and CB, CA and B, CA and CB. (. ¢3¢ 1py



2 Combinatorics

Summation Principle: Assume that an element «; can be chosen in k;
different ways, where each of those precludes simultaneous choice of an-
other element aj, j € {1,2,3,... ,v},i #j.

Then the elements: oy or as or --- or a, can be chosen in:

K1 + -+ + K, different ways. (. 20 €

Multiplication Principle: Assume that an element a; can be chosen in k;
different ways and for each of those there are ko different ways to choose
as etc.

Then the elements: a1 and ay and --- and «, can be chosen in:

Kiks - - - Ky, different ways. (. 20 € (1)

Assume that we have v distinct elements (oq, az,... ,q,), then:
Possible orders: v-(v—=1)-wv—-2)---2-1=0v! .30 emp
Orders (permutations) for k out of v elements: v-(v—1)---(v—k+1) =
v!

m = (V)N (thm. 4.1a p. 30 € [1])

Orders for k out of v elements with repetition: U(v,k) =v-v- -V = V" (thm. 418 p. 30 € 11])

Binomial Coefficient: Combinations of k out of v elements: (thm. .15 ».
30 € [1])

% — V-(V—1)~~~'(ll—h‘,+1) — v-(v=1)---2.1 __ v! _ < v )

k! k!1.2-.(v—k) ~ Kl(v—r)! K

Combinations of k out of v elements with repetition: (nm. 425 ». 31
e nn

<= Cme) =)

If we place the elements ay,... ,qa, into r ordered subpopulations with
K1, K2, --- ,Kr elements respectively, where Ky + k2 + - -+ + Kk, = v then:

K1, K2, - - - k1lrol-ckp!

v !
1. There are C(v, K1,K2,--- ,kr_1) = ( . ) = -
y fvp—1

possibilities. (thm. 4.3 p. 32 € 1))

2. C(V,Iil,li?z,... 7,g7,71)= ( K/Vl )( V;Ql‘&l )( V_(/il-}’;-_-1-+/‘t'/r—2) )

(thm. 4.3 proof p. 32 € [1])

3. We have v elements of which k; are alike, ko are alike, ..., K,
are alike. There are M(k1,K2,... ,6&r) = C(V,k1,62,... ,Kp_1) =
v! :
PRPSETS| permutations. (shm. 4.38 p. 32 € [1])

e Binomial Development:
v v KQV—K
(a+ﬂ)V:Zn—0(n>a B
e Relations of Pascal’s Triangle:
(2)-(2)- 0z
= = —+
K V—K k—1 K

o _ 1
o Stirling’s Formula: v! & e Yv"T21/271 (thm. 2.4 p. 33 € 1))



2.1 Combinatorical Principles

e Putting x distinct speres into v distinct cells with unlimited space:
Ve WAYS. (ex. 4.1 p. 36 € [1])

e Putting k distinct speres into v distinct cells where
cell j contains k; spheres and K1 + K2 + -+ + K, = K:
1
C(v, k1,62, ., Kr1) = it WAYS. (ex. 4.1a p. 87 € 1)

e Putting k identical speres into v distinct cells corresponds to
choosing k out of v cells: (ex. 1.18 p. 37 € 1]

— If each cell can contain 1 sphere, there are:

v
o ) ways.

— If each cell has unlimited space, there are:

BRERE

e Ways of choosing k ordered elements without repetition out of v elements:
(l/)n (ex. 4.2a p. 28 € [1])

e Ways of choosing k unordered elements without repetition out of v el.:

v
(ex. 4.28 p. 28 € [1])
K

e Ways of choosing k ordered elements with repetition out of v elements:

vl (ex. 4.24 p. 28 € [1])

e Ways of choosing k unordered elements with repetition out of v elements:

v v+r—1
= (ex. 4.25 p. 28 € [1])
K K



3 Set Theorems

The following holds for any algebra and for the usual set theory.

e For A,B,T" € A we have: (. 510 € 1)
Associativity: (AuUB)UT =AU (BUD)
(ANB)NT = AN (BNT)
Distributivity:  AN(BUL) =(ANB)U(ANT)
AUu(BNT)=(AuB)N(AUI)
Commutativity: AUB=BUA
ANB=BnNA
Misc: Aup=A
ANQ=A4
AuQ=90Q
ANd=10
Co=9
0o =0
CCA=4
AulA=0
AnCA=90
De Morgan: Cur_,A,) =nt_,(CA,) (also for infinitely many on a o-algebra)
C(ns_,A,) =ut_,(CA,) (also for infinitely many on a o-algebra)

4 Misc

e A partition of a sample space (2 dif

a sequence of possible outcomes Vi € N : A; € A which are pairwise
disjoint (i.e. Vi # j: A;NA; =0) and where U2, 4; = Q. (. 84 1)
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