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1 Metric

e A function d : M x M — R (or dist) is called a metric or a distance
function in M djf the following holds Vz,y,z € M:

1. (M1)

2. (M2)

3. (M3)

d(z,y) > 0,d(z,y) =0z =y
d(z,y) = d(y,z) (symmetry)

d(z,y) <d(z,z) + d(z,y) (triangle inequality)
(def. 1.1 [1])

* A pseudometric , . a metric where (M1) is relaxed to (d(z,y) > 0) A
(d(z,z) =0). So it can occur that ¢ # y and d(z,y) =0 (p. 1.1 [1])

1.1 Default Metrics
e RF: The euclidean metric: d(z,y) def (Ek (5 —y]-)?))% (p- 1.2 [1])

e Mj X Ms: Product metric of (My,dy), (Mas,ds): d(z,y) = max(dy (z1,22),ds(x1,x2))
(p- 4.3 [1])

1.2 Other Well-known Metrics

- J1
e For any set: The discrete metric: d(x,y)d;f {0 T#yY (ex. 1.7 [1])
T=y

C: |z —y| equals the euclidean metric if C is identified with R? (p. 1.2 [1])

Q= {z € R® | 2% + 23+ 2% = 1}: The geodetic distance on the 3D-sphere:
da(z,y) € [0,7] def arccos(z - y) (1.2 [1])

All the metrics induced by the corresponding norms (p. 1.3 [1])

For metric d: d'(z,y) = min(d(z,y),1) (makes all sets limited) (p. 2.6 [1])
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2 Normed Spaces

* A norm on a vector space E = (E,+,L) ;- a function || - || : E = R

2.2

where the following holds:

L (ND) flal| 2 0, lla]| =0 & 2 =T
2. (N2)Vz € E,A €L :||Az]| = |A|||z]|
3. (N3) Va,y € E: ||z +yl|| <|lz|| + ||yl (triangle inequality)

(def. 1.2 [1])
(E, |- |]) is a normed vector space (p. 1.3 [1])
If E is a complex normed vector space: V8 € R : |[e?z|| = ||z|| (p. 1.3 [1])

A seminorm ;.. anorm where (N1) is relaxed to ||z]| > 0. So it can occur
that « # 0 and ||z|| =0 (p. 1.3 [1])

The metric induced by the norm || -||: d(z,y) djf”a: —y|| (p- 1.3[1])

Default Norms
L*: ]2 4o s (Zle |xj|2)% (2-norm or euclidean norm) (ex. 1.3 [1])

B(M,L) : |[f|lu 4o sup{|f(2)| | z € M} (uniform norm or sup-norm) (ex.
1.4 [1])

C([0,1,R): [|f]] = fy 1f(@)lde (ex. 1.5 [1])

Other Well-known Norms
L*: ||x||1djf 2?21 |z;| (1-norm) (ex. 1.3 [1])

L*: ||2]|co dey max(|z1],... , |zk|) (c0-norm or maz-norm) (ex. 1.3 [1])
F({1,2,... kL) : Ifllu = max(|fD)],-..,[f(K)]) (ike || - [|oo on LF)
(ex. 1.4 [1])

B(N,C) : || f|lu = sup{[f(n)| | n € N} (ex. 1.4 [1])

C(la, L, L) : [|f[lu = sup{|f(z)| | = € [a,b]} (uniform norm) (p. 5.4 [1])
C([a, b, R®) : ||f|lu = sup{||f()llec | = € [a,b]} (uniform) (p. 5.4 [1])
C([a,b], R¥) | f[u,2 = sup{||f (@)l|2 | = € [a,b]} (rem. 5.9 [1])

C*([a, 8L, L): 1]l = X5 I1D7 fllu (thm. 5.10 [1])



3

Spheres in Metric Spaces

Let (M, d) be a metric space:

Va € M,r > 0: The sphere with center a and radius r:
K(a,r) o {z € M | d(a,z) <r} (p. 1.6 [1])

ry <re = K(a,r1) C K(a,r2) (p- 1.6 [1])

be K(a,r) N0 < s < r —d(a,b) = K(b,s) C K(a,r) (sphere lemma)
(lemma 1.6 (i) [1])

K(a,r)NK(b,s) # 0 = d(a,b) < r+s (sphere lemma) (lemma 1.6 (ii) [1])
A set is limited . it fits within a sphere (p. 1.7 [1])

VA # 0 C (M,d): The diameter of A: diam A ;7 sup{d(z,y) | z,y € A}
(p- 1.6 [1])

A limited < diam A < oo (p. 1.7 [1])

Convergent Sequences

A point sequence in a set M, a function ¢ : N — M. (p. 1.7 [1])
Notation: If z,, = ¢(n) then we write: (2n)n>1, (Zn)nen or (z5)

Let (2n)n>1 be a point sequence in the metric space (M,d) and let a € M.

(Tn)n>1 converges towards a ;. nimoo d(z,,a) =0. (def. 1.8 [1])

We also write z, — a,z, — a for n — oo,limz, =a, /U z,=a
Logically: Ve >0:3N € N:Vn > N :d(z,,a) <€ (p. 1.8 [1]

lim

If z,, — a then a is called a limit point for the sequence (z,) (p. 1.8 [1])
A sequence has at most one limit point (rem. 1.9 [1])

If , — a then any subsequence (z,),>1 and any suffix sequence (2,4 N)n>1
will also converge towards a (p. 1.8 [1])

A sequence (z,) in R* (where z, = (Zn1,...,%nk)) converges towards
z=(x1,...,01) ERF ©Vje{l,... k}: '™ =1z; (ex. 1.10 [1])

n—soco Tnj

Let (B(M,L),||-||.) be the normed space of limited functions on M. The

following holds for a point sequence (f,) and a function f i B(M,L):
lim . lim .

nse o = fin B(M,L) & ™" f.(x) = f(z) uniformly on M (thm.

1.11 [1])

Uniform Convergence

A function sequence converges uniformly djf
Ve>0:AINeN:Vn>N:Vz e M : |f(z) — fu(z)| < e (p. 1.9]1])



6 Topologic Properties in a Metric Space

6.1 Let (M,d) be a metric space and A C M

The interior A° of A ;7. the set of all inner points for A (def. 2.1 [1])
The exterior (CA)° of A dey the set of all outer points for A (def. 2.1 [1])
The edge OA of A ;7 the set of all edge points for A (def. 2.1 [1])
x € M is an inner point (z € A°)in A/, Ir>0: K(z,r) CA (def. 2.1 [1])
x € M is an outer point (x € (CA)°) for Ap;Ir>0:K(@zr)nA=0 (def. 2.11])
z € M is an edge point (z € 0A) for A ;. x is neither inner nor outer (def. 2.1 [1])
r€0ASYr>0: (K(z,r)NA#0)A(K(z,7)NCA #£0) (p. 2.2 [1])
The closure of A: A dey the set of all contact points for A (def. 2.2 [1])
x € M is a contact point (z € A) for A ;7.Vr > 0: K(z,r)N A # 0 (def. 2.2 [1])
x € Ais an isolated point in A ", Ir > 0: K(z,r)N A = {z} (p- 2.2 1))
The interior and edge of A are contact points, exterior are not (p. 2.2 1))
M= A°U(CA)° UsA (p. 2.2 1))
CA=Mm\A (p. 2.1[1])
A° = A\OA = A\0A (p. 2.2 1))
A =0(CA) =A\4° =AnTCA (p. 2.2 [1))
A=A°U0A=AUdA =C((CA)) (p- 2.2 1))
CA = (CA) (p. 2.2[1])
A°CACA (p- 2:2[1])

6.2 In the Metric Space R

e *=0,Q=R, 0Q =R Q doesn’t have isolated points (ex. 2.3 [1])
e 7Z°=0,Z = 7. All points in Z are isolated (ex. 2.3 [1])

6.3 Open and Closed Sets in a Metric Space (M,d), AC M
o Ais open , Vz € A:z € A°, or equivalently A° = A (def. 2.4 [1])
e Aopen =a€ AN|lu—a|]| <e=>ueU (p. 60[3])
o Ais closed ;- A=A (def. 2.4 [1])
e () and M are both open and closed (p. 2.2 [1])
A closed < CA open (thm. 2.5 [1])

A open & [A closed (thm. 2.5 [1])

The following holds for the system G = G(M) of open sets of M:

1. ,Meg
2. A finite number of sets G1,Gs,... ,G, € G = G NGN---NG, €G
3. An arbitrary family (G;)icr where Vi € I : G; € G = (U;c; Gi) €G

(thm. 2.6 [1])
e The following holds for the system F = F (M) of closed sets of M:



1. ,M e F
2. A finite number of sets Fy,F»,... ,F, € F=> FFUFRU---UF, € F
3. An arbitrary family (F})ic; where Vi € I: F; € F = ((\,e; Fi) € F

(thm. 2.7 [1])
A sphere is an open subset (p. 2.4 [1])
A finite = A is closed and Vz € A : z is isolated (p. 2.4 [1])

A° is open. A° is the largest open subset of A-i.e. G C Aopen = G C A°
(thm. 2.8 (a) [1])

A'is closed. A is the smallest set in M containing A - i.e. A C F and F
closed = A C F (thm. 2.8 (b) [1])

The exterior of a set (CA)° is open (cor. 2.9 [1])
The edge of a set 0A is closed (cor. 2.9 [1])

The following holds for the metric space (M,d), A C M

A are all points £ € M which are the limit of a convergent sequence (x,,)
in A (i.e. where Vn : 2z, € A) (thm. 2.10 [1])

A is dense everywhere djfz = M (def. 2.11 [1])
A is dense everywhere & (VG € G: ANG =0 = G = 0) (def. 2.11 [1])
A is dense everywhere & (VG € G: G # 0= ANG # 0) (def. 2.11 [1])

(M,d) is separable ., there exists a countable subset A C M which is
dense everywhere (def. 2.11 [1])

RF and C* are separable because Q% and (Q + iQ)* are countable and
dense everywhere (p. 2.5 [1])

The following are equivalent for an z € M:

z is a condensation point for A

z € A\{z} (exc. 2.6 [1])

Vr > 0: K(z,r) N A contains infinitely many points (exc. 2.6 [1])
3(x,) from A\{z} such that "™ 2z, =z (exc. 2.6 [1])

n—oe

A A e

There exists a subsequence (Zy,, ) of (z,) where nimoc (n,) = = (thm.
2.6 [2])



6.5 Neighborhoods in (M, d)
® Gs 441G € G|z € G} (the system of open sets containing x) (p. 2.5 [1])
o U C M is a neighborhood of x € M ;7 .z € U° (def. 2.12 [1])
o U(x) djf the system of neighborhoods of z (def. 2.12 [1])
e U C M is open & U is a neighborhood of all it’s points (p. 2.5 [1])
e U C M is a neighborhood of x € M < 3r > 0: K(x,r) CU (p. 2.5 [1])
e U C M is a neighborhood of x € M & 3G € G, : G C U (p. 2.5 [1])
ez ASVGEG, : ANG#0 (p. 2.6 [1])
o lim T, =2 VGE€G,:INeN:z, €G (p. 2.6 [1])

n—oo

6.6 Miscellaneous Formulas in (M, d) where AC M,B C M
and (A;);cr is an arbitrary family where A4; € M

ACB = (A°CB°)A(ACB) (exc. 2.5][1))
(ANB)Y® = A°NB° (exc. 2.5 [1])
AUB = AUB (exc. 2.5 [1])
(AUB)® D A°UB° (exc. 2.5 [1])
ANB C AnB (exc. 2.5 [1])
A°\B° D  (A\B)° (exc. 2.5 [1])
A\B C A\B (exc. 2.5 [1])
Uerdi = Uer 4 (exc. 2.5 [1])
(Mier 42)° = (Mier 49° (exc. 2.5 [1])

6.7 Equivalent Metrics in (M, d)

e d; and dy are equivalent metrics on M djf they define the same system of
open sets (def. 2.13 [1])

All topological properties can be proved by equivalent metrics (p. 2.6 [1])

Non-topological properties: Sphere, limited set (p. 2.6 [1])

dy and dsy are equivalent metrics in M <

1. Vae M :¥r>0:3s>0: Ky(a,r) D Ka(a,s)
2. Vae M :V¥r>0:3s>0: Ks(a,7) D Ki(a,s)

where K;(a,r) = {x € M | d;(a,z) < r} (thm. 2.14 [1])
Let FE be a vector space over L.

® ||-[[x and [| - ||2 are equivalent norms on E ;7. the induced metrics are
equivalent (thm. 2.15 [1])

o ||-||1 and || - ||2 are equivalent norms on E <



1. 3k >0:Vz e E: ||zl < kllz]
2. A>0:VzeE: |z <lz|h

(thm. 2.15 [1])

o ||- |1 and || - ||2 are equivalent norms on E &
Je>0:Vz e E: Lzl <|z|2 < ¢||z]]1 (rem. 2.16 [1])

o All norms on finite dimensional vector spaces are equivalent (ex. 2.17 [1])
The following holds in R¥:
* |[2lloo < ll2lls < Kll2loo (ex. 2.17 [1])

o |lzlloo < [lofl2 < VEllzlloo (ex. 2.17 [1])

6.8 Topological Spaces

e A topology on a non-empty set M djf a system of open sets G where:

1. (T1),M e g
2. (T2) A finite number of sets Gy,... ,GL, € G=G1N---NG, €G
3.

(T3) An arbitrary family (G;)ic; whereVi € I : G; € G = (U, Gi) €
g

(p- 2.8 [1])

e A topological space (M, G) djf a set with a topology G. G are the open sets
(p- 2.8 [1])

Let (M, G) be a topological space:

® Goyos1G €G |2 € G} (ex. 218 [1])

e © € M is inner point for A C Mdjf 3G €G, :GC A (ex. 2.18 [1])

o x € M is contact point for AC M ; VG € G, : GNAZD (ex. 2.18 [1])

* (M,G) has the Hausdorff property .,
T1# 22 =>3G1,G2€G:21 €EG1AN22 € G ANGING2 =10
We can let G; = K(x;, %d(ml,xz)) (p- 2.9 1))

The following metric space formulas also hold in a topological space:
e The formulas regarding A°,0A and A (p. 2.9 [1])

e The theorems 2.5,2.7,2.8 and corollary 2.9 in [1] (p. 2.9 [1])

e Theorem 2.6 is now a definition (p. 2.9 [1])

e x € M is the limit of a convergent sequence (r,)in A=z € A
However, x € A # x is the limit of a convergent sequence (z,) in A as in
thm. 2.10 [1] (p. 2.9 [1])



7 Continuous Functions
Let (X,dx), (Y,dy),(Z,dz) be metric spaces.

e f:X =Y is continuous in a € X (a is continuity point for f)
Ve>0:30 >0: f(Kx(a,0)) C Ky(f(a),e) =
Ve>0:30>0:Vz € X :dx(z,a) <d=dy(f(z), f(a)) <e (p- 3.1[1])

djf

o f: X =Y discontinuous ina € X ;. f not continuous in a (p- 3.1[1])

e f: X — Y is continuous in a € X & (for all sequences (z,,) in X : (z,)
converges toward a = (f(z,)) converges toward f(a)) (thm. 3.1 [1])

o f: X =Y is continuous ;. Va € X : f continuous in a (p. 3.2 [1])

e f:X =Y continuous & VG € YV : f~(G) C X is open (thm. 3.2 [1])

open

e f: X — Y continuous < VFclo%edY : f1(F) C X closed (thm. 3.3 [1])

o Coninuity is a topological property (the 2 theorems above) (p. 3.2 [1])

e f continuous = {z € X | f(z) > a},{x € X | a < f(z) < b} are open in
X (p- 3.3[1)])

e f continuous = {z € X | f(z) < a},{z € X | a < f(z) < b} are closed in
X (p. 3.3[1])

e f,g continuous, A C X dense everywhere in X and Vz € A : f(z) =
g9(z) = f =g (thm. 3.4 [1])

o f: X >Y,9:Y — Z continuous = g o f continuous (thm. 3.5 [1])

e f continuous in zg € X and g continuous in yo = f(x9) = go f continuous
in 2o (rem. 3.6 [1])

e The inverse of a bijective continuous function is generally not continuous
(warn. 3.7 [1])

e Bijective f : X =Y is homeomorphic ;_; f, £~ continuous (def. 3.8 [1])
e Homeomorphisms keep all topological properties (p. 3.4 [1])

o Let X opc_ean with the usual metric d. f : X — RF continuous and
injective = Y = f(X) is an open subset of R* and f is a homeomorphism

of (X,d) into (Y,d) (thm. 3.9 [1])
7.1 Lischitz
Let (X,dx), (Y,dy) be metric spaces.

e f: X — Y is a Lipschitz function with constant C dff
V$1,$2 € X: dy(f(.fb’l),f(ﬂ}z)) < Cdx(.’lfl,IEQ) (p. 3.4 [1])

e fis a contraction , . it is Lipschitz with constant 1 (p. 3.4 [1])



7.3

f: X =Y is an isometrism djf
Ve, 22 € X 1 dy (f(z1), f(x2)) = dx(z1,22) (p- 3.5 [1])

Isometrisms are injective (p. 3.5 [1])
The inverse of a surjective isometrism is also isometric (p. 3.5 [1])
A surjective isometrism is homeomorphic (p. 3.5 [1])

Let Fi, Fs be normed real vector spaces. f : Ey — F, is a surjective
isometrism and f(0) =0 = f is linear (thm. 3.10 [1])

The j-th projection djfﬂ'j(.fvl,... xk) =5, j €{1,...,k} (p. 3.6 [1])
7; is a contraction and hence continuous (p. 3.6 [1])

f:(M,d) - L* has k coordinate functions f; = m; o f and
Vo € M- f(z) = (fi(2),- - (@) (b- 3.6 [1)

f continuous < each coordinate function f; continuous (thm. 3.12 [1])
f:(M,d) = C continuous < Ref,Imf continuous (p. 3.7 [1])

+,—,-on C x C and R x R are continuous (thm. 3.13 [1])

(z1,32) = 7+ on Cx (C\{0}) and Rx (R\{0}) continuous (thm. 3.13 [1])

Let (E,+,L) be a normed space

x — ||z|| into R is a contraction and hence continuous. This holds espe-
cially for  — |z| of R or C into R (thm. 3.14 [1])

A sequence ((z,,y,)) in R? or C? converges towards (z,y) < (z,) and
(yn) converges towards z and y (p. 3.8 [1])

(2n), (yn) converges towards z,y in R or C = (2n4yn), (Tn—yn), (Tnyn), (|2n])

converges towards z + y,z — y, zy, || (p. 3.8 [1])
(z1), (yn) converges towards z,y in Ror Cand Vn :y, # 0and y # 0 =

& converges towards ¥ (p- 3.8[1])

Continuous real or complex functions
fi,f2 € C(M,C) = fi + fo, fi = fo, 1 fo € C(M,C) (thm. 3.15 [1])
(f1,f2 € C(M,C) AVz € M : fo(z) #0) = & € C(M,C) (thm. 3.15 [1])

fi, f2€ C(M,C) = [f|, iV f2 (= max{fi, f2}), fi A fo (= min{fi, fo}) €
C(M,C) (p- 3.9 [1])

fn: M — L converges pointwise djf
Vee M:Ve>0:AN e N:Vn> N :|fo(z) — f(z)| <€ (p- 3.9 [1])

fn: M — L converges uniformly djf
Ve>0:INeN:Vn>N:Ve e M :|fpo(z) — f(z)| <€ (p- 3.9[1])



e If Vn : f,, continuous and (f,) converges uniformly towards f then f is
continuous (does generally not hold for pointwise convergence) (p. 3.9 [1])

e Let (M,d) be a metric space. (f,) is a sequence of functions which con-
verges uniformly towards f and Vn : f,, is continuous in zy € M =
f continuous in zy (thm. 3.16 [1])

8 Metric Space Constructions

8.1 Subspaces, Restriction, Inclusion, Sets Relative to a
Space

Let (M, d) be a metric space and (M',d) a metric subspace of (M, d).

o VM' # 0 C M : (M',d) is a metric subspace of (M,d) (d restricted to
M' x M' is the metric) (p. 4.1 [1])

e G(IM)={M'NG |G e G(M)} (open sets relative to M") (thm. 4.1 [1])
o F(IM") ={M'NF | F e F(M)} (closed sets relative to M') (thm. 4.1 [1])

e VA C M': The closure of A in (M',d) " dosM' NA (thm. 4.1 [1])
e M’ open in M & G(M') C G(M) (p. 4.2 [1])
e M'openin M = G(M')={GegG(M)|GC M} (p. 42]1])

The inclusion function i =iy : M' = M . ci(z) = = (p. 4.2 [1])
® i is isometric and VG € G(M) :i Y (G) = M'NG (p. 4.2 [1])
In the metric space R with the usual metric:

e [0,a[ open and [0, a] closed relative to [0, oo (ex. 4.2 [1])

e ]0,a[ open and ]0, a] closed relative to ]0, oo (ex. 4.2 [1])

Let (X,dx), (Y,dy) be metric spaces and § # X' C X.

e f: X = Y continuous in a € X' & the restriction fx : X' = Y
continuous in a, since f|x = foix/ x (p- 4.2 [1])

eFor f(X)CY' CY:f:X —>Y continuousinae X & f: X -V

continuous in a (p. 4.2 [1])

8.2 Product Spaces
Let (My,d,), (M2, ds) be metric spaces, (M; X Ms,d) the metric product space.

e M, x M, is the metric product space of My, M, with the product metric
d(z,y) = max(di (21, 22), d2(z1,22)) (p- 4.2 [1])

o G1 € G(Mi)AGs € G(Ms) = Gy x Go € G(M; x My) (thm. 4.3 (a) [1])
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e [] € f(Ml) ANFy € .7:(M2) = F x F € f(Ml X Mz) (thm 4.3 (b) [1])

° VA]_ gM]_,AQ gMz : (A]_ XA2)° ZAi) XA; andAle2 ZA_1XA_2
(thm. 4.3 (c) [1])

e (z,) = (Tn1,Tn2) in My X My converges towards © = (z1,2) <
(Zn1), (zn2) converges towards z1 € My, x2 € My (thm. 4.3 (d) [1])

e The projection functions m (x1,22) = x1,72(x1,22) = 22 for the product
space are contractions and hence continuous (p. 4.3 [1])

o V(7 - Ml,Gg - M, : 7T_1(G1) ﬂﬂ'_l(Gg) =G x Gy (p 4.4 [].D

e Va € M : j, : Ma — M; x My the function j,(y) = (a,y) is isometric.
Similarly for z — (z,b) (p. 4.4 [1])

e For f: My x My — M; the slice function foj, = f(a,") =y~ f(a,y):
Ms — M3 is continuous. Similarly for  — f(z,b) (p. 4.4 [1])
8.3 The Space L(E,F) C Hom(E, F)
Let E, F be normed vector spaces over L. with norms || - ||

e p(z,y) =z+y: ExXE — Eand¢¥(\,z) = Az : Lx E — E are continuous
(¢ is even Lipschitz with constant 2) (thm. 4.4 [1])

e For T: E — F linear (i.e. T(z+y) =T(z)+T(y) and T(\x) = AT'(z) or
just T € Hom(E, G)) we define Vz,y € E, )\ € L:
ITl| = sup{||IT(@)[| | = € B, ||| < 1} € [0, 00] (p. 4.5 [1])

Let T be a k x k matrix and z € R* a column vector. We denote the matrix
product with Tz (also gives a column vector) rather than 7T'(z) (rem. 4.5 [1])

e The following are equivalent for a linear map 7' : £ — F":

1. T continuous in 0
2. T is Lipschitz (and ||T|| is the smallest possible Lipschitz constant)
3. ||T|| < >

(thm 4.6 [1]

e A linear function is continuous < it is limited on the unit sphere
{z € E | ||z|| < 1}. We also call this a limited operator (rem. 4.7 [1])

e L(E,F) of continuous linear functions is a normed vector space with the
operator norm ||T|| = sup{||Tz|| | ||z|| < 1} (thm. 4.8 [1])

o VT € L(E,F),z € E: ||Tz|| < ||T|| ||z|| (thm. 4.8 [1])
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9 Complete Metric Spaces
Let (M,d) be any metric space.

e (z,) in M is a Cauchy sequence or fundamental sequence djf
Ve>0:3IN e N:Vn,m > N : d(zp, zm) < e (def. 5.1 [1])

e Any convergent sequence is a Cauchy sequence (p. 5.1 [1])

(M, d) is complete djf any Cauchy sequence converges (def. 5.2 [1])

Completeness and Cauchy are not topological properties (p. 5.2 [1])

The completeness of R equivalent to supremum property of R (p. 5.1 [1])

CF and R* with the usual metrics or d, are complete (p. 5.1 [1])

Q is not complete with the usual metric (p. 5.1 [1])

A discrete metric space is complete (exc. 5.3 [1])

(zn) Cauchy = (z,,) limited (thm. 2.4 [2])

e (M', d) complete metric subspace of (M,d) = M’ closed in M (even when
(M,d) is not complete) (rem. 5.4 [1])

a € (M,d) is a condensation point for a Cauchy sequence (z,) = (z,)
converges (exc. 5.1 [1], thm. 2.7 [2])

Let (M,d) be a complete metric space.

o VM'#(0 C M: (M',d) complete & M’ closed (thm. 5.3 [1])

o f:(M,d) = (Y,dy) isometrism = (f(X),dy) complete (thm. 5.6 [1])
Misc examples and things which does not hold:

e arctan: R — ] — I, Z[ is continuous and homeomorphic (ex. 5.5 [1])

e arctan shows that the image of a complete metric space under a homeo-
morphism is not necessarily complete (] — 7, Z[ not closed) (p. 5.2 [1])

e dist(z,y) = |arctanz — arctany| defines a metric on R but (dist, R) is not
complete (e.g.: 1,2,3,... is Cauchy but doesn’t converge) (ex. 5.5 [1])

9.1 Banach Spaces

Let E be a normed vector space with equivalent norms || - ||1,]| - [|2-
e (z,) in E Cauchy w.r.t. ||- |1 © (z,) Cauchy w.r.t. ||-]|2 (p- 5.3 [1])
e E complete w.r.t. || -||1 & E complete w.r.t. || -||2 (p. 5.3 [1])

Banach spaces.

e A Banach space djf complete normed vector space (p. 5.3 [1])
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The vector space B(M,IL) with || - ||, is a Banach space (thm. 5.7 (a) [1])

M metric space = Cy(M, L) closed in B(M,LL) and hence a Banach space
(thm. 5.7 (b) [1])

C([a,b],L) is a Banach space with the uniform norm (p. 5.4 [1])
C([a,b],R¥) is a Banach space with the uniform norm (thm. 5.8 [1])
w2 = sup{||f(2)||2 | = € [a, b]} (rem. 5.9 [1])

C*([a,b],L) is a Banach space with ||f|| = E?:o [|D? ||, (thm. 5.10 [1])

[| - || equivalent to || f|

Let (f,) be a sequence of C! functions where f, : [a,b] — C and:
1 (@)
2. nli>moo fn(a)

Then there exists a C! function f : [a,b] — C where
lim lim

oo In(®) = f(z) and | 75 £, () = f'(x) (thm. 5.11 [1])

For normed spaces E, F, L(E, F): F complete = L(E, F) complete (thm.
5.12 [1])

g(x) uniformly for z € [a, b]
a

Linear functions T : E — L are called linear forms or linear functionals
on E (p. 5.7 [1])

The set L(E,L) of linear continuous functions on E is called the dual space
(E*) for E (p. 5.7 [1])

The dual space E* of continuous linear forms on a normed space F is a
Banach space with ||T'|| = sup{|Tz| | ||z|| < 1} (thm. 5.13 [1])

A complete metric space (]/\/I\ ,E) is called a completion of a metric space
(M,d) ;,; there exists an isometrism ¢ : (M, d) — (M,d) where o(M) is
dense everywhere in M (p. 5.7 [1])

The completion of a metric space always exist (exc. 5.2 [1])
Two completions of a metric space are always isometric (exc. 6.12 [1])

Any metric space can be seen as a dense everywhere subspace of a complete
metric space (p. 5.7 [1])

Any structure that (M, d) might have also applies to (JT/I\ ,Ei). Hence any
normed space space can be seen as an everywhere dense subset of a Banach
space (p. 5.7 [1])
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10

Compact Sets. Uniform Continuity

Let (M, d) be a metric space.

a € M is a condensation point for (z,) ;. ,Vr > 0: {n € N|d(a,z,) <r}
is infinite (def. 6.1 [1])

A subsequence of (z,)nen in M, (yp)pen in M given by Vp € N: y, =
T, where (n,)yen is a growing sequence in N (i.e. p < g = n, <ng). So
(Up)pen = (Zn, )pen (def. 6.2 [1])

() in (M,d) has condensation point a € M < there exists a subsequece
of (x,) which converges towards a (lemma 6.3 [1])

(Zn)nen converges in (M, d) towards a € M = any subsequence of (2,,)nen
converges towards a € M. In other words: The limit of a convergent
sequence is the only condensation point for the sequence (lemma 6.4 [1])

(Zn)nen Cauchy with a convergent subsequence = (z,)nen converges.
In other words: A Cauchy sequence has at most one condensation point,
and it is convergent if it has (lemma 6.4 [1])

Any limited real sequence has at least one condensation point (Bolzano-
Weierstrass, thm. 6.5 [1])

R is complete (and any Cauchy sequence in R is limited) (p. 6.3 [1])

VA C RF : A limited and closed < any sequence in A has a condensation
point in A (thm. 6.6 [1])

K C M is compact djf any sequence in K has a condensation point in K
(def. 6.7 [1])

(M,d) is a compact metric space dij is compact (p. 6.5 [1])

) # K C M compact subset of (M,d) < (K,d) compact (p. 6.5 [1])
A C ¥ compact & A limited and closed (p. 6.5 [1])

A C M compact = A limited and closed (p. 6.5 [1])

Any finite subset of (M,d) is compact (ex. 6.8 [1])

The only compact sets in a discrete metric space are finite set (ex. 6.8 [1])

Let (X,dx), (Y,dy) be a metric spaces.

e K _S X, f:K—Y continuous = f(K) < Y (thm. 6.9 [1])

com_pact com_pact

Vo #A S R:supA e AANinfA € A (so A contain max and min

com_pact

numbers) (p. 6.5 [1])

A continuous real function on AcomgpactX is limited and has both maxi-
mum and minimum values (thm. 6.10 [1])
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e The metric product space (X x Y, d) compact & (X,dx), (Y, dy) compact

(thm. 6.13 [1])

e f:(X,dx)— (Y,dy) continuous bijection. (X,dx) compact = f homeo-

morphic (thm. 6.14 [1])

Let (M, d) be a compact metric space.

e C(M,L) is a Banach space with the uniform norm ||f||, = sup{|f(z)| |

x € M} =max{|f(z)| |z € M} (cor. 6.11 [1])

o V#K C M : K compact < K closed (thm. 6.12 [1])

10.1

Equivalence of Norms on Finite Dimensional Vector
Spaces

e All norms on RF and C* are equivalent (thm. 6.15 [1])

e Any finite dimensional normed space is a Banach space (rem. 6.16 [1])

e Finite dimensional subspaces in normed spaces are closed (rem. 6.16 [1])

10.2 Open Coverings

Let (M, d) be a metric space and S be a set.

A family (A;);er of subsets of S covers X C defX C Ujer 4i (p- 6.8[1])
Finite or numerable covering (A;)icr djfl finite or numerable (p. 6.9 [1])

(A;)ier can be thinned out to (Ai)iedef J CIand (A;)ier, (A;)icg covers
the same set (p. 6.9 [1])

An open covering djf a covering where all sets are open (p. 6.9 [1])

Any numerable open covering of a closed interval can be thinned out to a
finite covering (p. 6.10 [1])

VA C M : A compact < any open covering of A can be thinned out to a
finite covering (covering theorem, thm. 6.17 [1])

Sometimes compactness is defined by the covering ability (any open cov-
ering can be thinned out to a finite covering) (rem. 6.18 [1])

In a topological space the definition: Any sequence in K has a condensa-
tion point in K means that K is sequentially compact (rem. 6.18 [1])

Sequential compactness and compactness are not equivalent in a topolog-
ical space (rem. 6.18 [1])
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10.3 Uniform Continuity

Let (X,dx), (Y,dy) be a metric spaces.

11

o f: X — Y uniformly continuous dije >0:36>0:Ve,20 € X :

dx(z1,22) < 6 = dy(f(z1), f(z2)) < € (def. 6.19 [1])
f uniformly continuous = f pointwise continuous (p. 6.10 [1])
f Lipschitz = f uniformly continuous (p. 6.10 [1])

Uniform continuity is not a topological property but equivalent norms
maintain uniform continuity in normed spaces (p. 6.10 [1])

f:(X,dx) = (Y,dy) continuous, (X,dx) compact = f uniformly con-
tinuous (thm. 6.20 [1])

ACX,f:A— (Y,dy) uniformly continuous on (4,dx) and (Y,dy)

complete = f can only be extended in one way into f:A > (V,dy) and
f is even uniformly continuous (6.21 [1])
Properties of f are inherited to f (rem. 6.22 [1])

Let A be a dense subspace of a normed space E and F' be a Banach
space. f: A — F continuous linear => the unique continuous extension
f:E — Fof fislinear and ||f|| = ||f|| (thm. 6.23 [1])

Misc

(1 +iy1, ...,z +iyr) = (Z1,Y1,- -, Zr, yx) : C* — R2* is an isometrism
(p- 5.1 [1])

Any set in a discrete metric space is limited (p. 1.7 [1])

The distance from a point x to a set A+ djf
d(z,A) = inf{d(z,a) | z € A} (exc. 3.6 [1])

x — d(z, A) is a contraction and hence continuous (exc. 3.6 [1])
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