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1 o-Algebras, Borel Sets, Dynkin Classes
Premises: X set

e Ais an algebra (on X) dif
A C P(X) where:

1. X € A (or alternatively: § € A or just A # 0)
2. (AeA)=> LCA=X\Ae A)
3. (A1,..., A, € A) = (Nuequ,... 13 Ay € A) (ie. finite intersections)

Said differently: A non-empty family which is closed under complements
and finite intersections. Further more: (daer. 1.1 p. 1 € 111

— It follows that also finite unions, differences and 0 are in A.

— 3. Could be also replaced by finite unions in the definition.

e Ais a o-algebra (on X) dif
A C P(X) where:

1. X € A (or alternatively: § € A or just A # ()
2. (Ae A)=> (A=X\Ae A
3. WweN: A4, €A = (Nend, € A) (ie. countable intersections)

Said differently: A non-empty family which is closed under complements
and countable intersections. Further more: (aet. 1.3 p. 1-2 € (1]

— Tt follows that also countable unions, differences and () are in A.

— 3. Could be also replaced by countable unions in the definition.
e Any o-algebra is also an algebra. (zem 145 2¢ 1)
o {X,0} is the smallest o-algebra on X.

e P(X) is the largest o-algebra on X.
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e If Ais an algebra on X, then

A is also a o-algrebra if one of the following holds: (nm. 165 3 € 1))

1. For all increasing sequences {A,} in A: U2, A, € A
2. For all decreasing sequences {A,} in A: NS>, A, € A

3. For all sequences {A,} of pairwise disjoint elems. in A: U2, A, € A
For a set X and a family F of subsets of X:

— There ezists a smallest o-algebra A where F C A. (shm. 1.7 p. 3.4 € 111y
— The o-algebra o(F) produced by F %/
the smallest o-algebra containing F. (thm. 1.7 p. 3-4 € (1)

Let (X, p) be a metric space and T the family of open subsets of X, then:

1. A G C X is called a Gs-set %/
There ezists a sequence {G,} of open subsets of X such that
G == ﬂ%O:lGn

2. An F C X is called an F,-set 9f

There ezists a sequence {F,} of closed subsets of X such that
F=Ux,F,

A B C X is called a Borel set “ B € o(T).
The o-algebra of Borel sets B(X) on X %/ o(T)
Clearly B(X) contains the Gs and the F, sets.

Every closed set F in X is G§. (rem. 1.9p. 4 € 1)

NS o e W

Every open set G in X is F,;. (rem. 19p. 4 € (1))
8. A set is G§ & it’s complement is F,. (. 4 € 1y

A family D of subsets of X is a Dynkin class on X dif

1. XeD
2. (A, BEDANACB)=B\AeD
3. {A,} increasing sequence in D = U° | A, € D

(def. 1.12 p. 5 € [1])

The Dynkin class 6(A) produced by the family A of subsets of X dif
the smallest Dynkin class containing A. (. 5 e n1

Every o-algebra is a Dynkin class (i.e. VA : 0(A) C 0(A)). .5 €1

For family A of subsets of X:
If A closed under finite intersections then 6(A) = o(A). (thm. 113 p. 6 € (1)

For the family F of closed subsets of R¥, where k € N and for:
Ar={IT}_, ] =00, Bi] | Vi € {1,... .k} : B € R}

Ay = {Hle ]Oéz',,B,'] | Vi € {1,.. . ,k} : OL,’,,B,' € R,ai < ﬂ,}

As = {Hle ]ai,ﬂi[ | Vi € {1,.. . ,k’} : ai,ﬁi ERa; < ,3,}

we have that: B(RF) = o(F) = 0(A1) = 0(As) = 0(A3). (thm. 111 5. 5 € (1))
and: B(R) = (5(.7) = (5(A1) = (5(A2) = (5(A3) (rem. 1.14 p. 6 € [1])



2 Measures
Premises: X set

e For o-algebra A on X: The set function p: A — [0,00] is a
(countably additive / o-additive) measure dif (def. 2.1 p. 10 € [1])

1. u@ =0

2. If {A,} is a sequence of pairwise disjoint elements of A then
p(US Ay) =327 u(Ay). (countable additivity | o-additivity)

e For algebra A on X: The set function p: A — [0,00] is a
finitely additive measure /10 ¢

1. p(@) =0
2. If {A;} is a finite sequence of pairwise disjoint elements of A then
p(UI A;) = 30 w(As). (findte additivity)

Measurable space dif (X, A) where A is a o-algebra on X. (. 10 € 1)y

def

Measure space “°
(X, A, n) where (X, A) is a measurable space with measure p. (o. 10 € 111y

e Any measure in a measurable space is also a finitely additive measure.

{p- 10 € [1])

Examples of measures:

— Arithmetic measure “ (o 225 11 e

n ,if A has n elements
u(A) = o g o .
oo, if Ais an infinite set

— Dirac measure 8, at the point  *F cx 225 11 e
1 ifreA
0z(A) = ’ .
+(4) {0 Jifr ¢ A

— If p, v measures and o € R, > 0, then
p+ v and o - p are also measures. (. 11 € (1))



e For measure space (X, A, u):

— If A/ Be Aand A C B, then

w(A) < u(B). (i-e. pis a monotonous set function) nm. 2.3 p. 11 € 111y
—IfA, BeAand A C B and p(A) < oo, then

/,L(B\A) = ,lj,(B) — ,u(A) (thm. 2.3 p. 11 € [1])
— If {A,} is a sequence of elements of A, then

p(UrZ An) <3007 p(An).
(i.e. p is a countably subadditive set function) (wmm. 2.4 p. 11 € (1))

— If {A,} increasing sequence in A then
/L(U%ozlAn) =lim,_ /J,(An) = SUP,, oo /L(An) (thm. 2.5 (i) p. 12 € [1])

— For {A,} decreasing sequence in A and pu(A;) < oo then
,u(ﬂ%ozlAn) =lim, .o N(An) =inf, e N(An) (thm. 2.5 (ii) p. 12 € [1])
Warning: Does not hold if p(A;) = co. E.g.: In (N, P(N), u) where
u is the arithmetic measure and A, = {n,n+1,...}.

e For measurable space (X,.A) and p finitly additive measure in (X, A).
p is a measure if one of the following holds: (ihm. 2.6 p. 13 € 111y

1. For every increasing sequence {A,} in A it holds that:
pUR 1 An) = limp, 00 p(An)-

2. For every decreasing sequence {A,} in A with N2, A, = () it holds:
lim, 00 p(Ay) = 0.

e For measure space (X, A, j1): (det. 2.7 ». 13 € (1))

— p is limited ““7 u(X) < oo.
(X, A, p) is called a limited measure space.

— p is a probability measure dif wX) =1
(X, A, p) is called a probability measure space.

— u is o-limited ““there exists a sequence {A,} in A such that
U2 A, =X and Vn : pu(4,) < .
(X, A, p) is called a o-limited measure space.

e For measurable space (X, A) and a family A of subsets of X which is closed
under finite intersections and where o(A) = A, and
u, v are measures in (X, A) such that VD € A : u(D) = v(D).
If one of the following holds then p = v: (thm. 2.8 p. 14 € 111y

1. p(X) =v(X) < oo. (i.e. u,v are limited)

2. There exists an increasing sequence {Dp} in A such that
U, D, =X and VD, : u(D,) = v(D,,) < 0. (i.e. u,v o-limited)



2.1 pu-Zero Sets, u-Measurable Sets, Completions
Premises: X set, (X, A, u) measure space.

e N C X is u-zero dif (def. 2.9 p. 15 € [1])

there ezists A € A such that u(4) =0 and N C A.

e (X, A, pn) is a complete measure space and u a complete measure
4l every p-zero set N belongs to A. (and thus u(N) = 0) (aet. 2.0 p. 15 € 1)

e The completion / u-measurable sets A, of A w.r.t. u */
the family A, of all A C X such that:
dE,Fe A:ECAC F/\;L(F\E) = 0. (def. 2.9 p. 15 € [1])

e The completion Ti: A, — [0,00] of u %/
(A) = u(E) where E € A is such that:
AFe A:ECA CF/\,u(F\E) = (. (def. 2.9 p. 15 € [1])
Note: u(E) =sup{u(B) | B€ A, B C A}.

(X, Ay, 1n) is the completion of (X, A, ). (aet. 2.9 p. 15 € 1)

A, is a o-algebra and A, D A. (thm. 210 p. 15 € (1))

e 7 is a complete measure and [i| 4 = . (shm. 2.10 p. 15 € (1))

i is the unique measure such that fi| 4 = p. (hm. 2.10 p. 15 € (1]

W is complete & A= 'AM' (thm. 2.10 p. 15 € [1])



3 Exterior Measures

Premises: X is a set.

e A set function ¢ : P(X) — [0, 0] is an ezterior measure on X %/
1. ¢(0) =0.
2. If AC B C X, then ¢(A) < ¢(B). (monotony)

3. If {A,} is a sequence of subsets of X then
P(US 1 Ay) <307 #(Ay). (countable subadditivity / o-subadditivity)

(def. 3.1 p. 19 € [1])

o The exterior Lebesgue measure \* : P(R) — [0,00] on R “/ \*(A) =
inf{zzozl(ﬂn _an) | AcC Zf:ﬁamﬂn[a O, Bm € Ryam < ap,Vm € N}

(def. 3.3 p. 19 € [1])

e \* is an exterior measure and:
vaJ/B € ]R,O[ < B : A*([QJIB]) = A(]aaﬁ]) = A([OéJBD = A(]Oé,ﬂ[) = B - Q.
A*(I) = 00 if T is an unlimited interval. (tnm. 3.4 . 20 € (1))

e The exterior Lebesgue measure X} : P(R¥) — [0, 00] on RF 4/ \*(A) =
inf{zzil U(In) | AcC Z:LOZI In’ Im open z'gbterval Rk7vm € N}’ where
’U(I) = (,81 — al)(ﬂg — 042) T (,Bk — Oék) is the volume of I. (aet. 35 . 22 € 1y

e )} is an exterior measure and:
VI c Rk H /\z (I) = U(I) (thm. 3.7 p. 24 € [1])

interval

o The family A of all subsets of R¥ which can be written as a
finite union of disjoint intervals of R* is an algebra on R,

(lemma 3.6 (i) p. 22 € [1])

e For pairwise disjoint intervals I; in R¥ | T = UX, I;:
If J is an interval such that I C J then: Y22, v(I;) < v(J).
If I is an interval then: Zfil U(Ii) = U(I). (lemma 3.6 (ii) p. 22 € [1])

e For exterior measure ¢ : P(X) — [0,00] on X:

— B C X is ¢-measurable ““IYA C X : $(A) = (AN B) + ¢(A\B).
It is enough to show (because ¢ is an exterior measure):
VA C X,¢(A) < o00:¢p(A) > ¢(ANB) + ¢(A\B). (aet. 3.8 p. 25 € (1))

— The family of ¢-measurable sets is symbolized by M.

(def 3.8 p. 25 € [1])
— Every set B C X with ¢(B) = 0 is ¢-measurable. (. 25 ¢ 1))
— Kapafeodwprj: (shm. 3.9 p. 25 € [11)

My is a o-algebra on X and @|u, is a complete measure.

e M);: is the Lebesgue measurable sets. (. 2 < )

° B(Rk) C sz. (thm. 3.10 p. 26 € [1])

o The Lebesgue measure A, “S (act. 511 5. 2125 €

Af|m »; OF sometimes the more restricted A} |p(rx)-



e For any A C RF: X\ (4) =
inf{\x(B) | B € B(Rk),B DA} =
inf{/\k(U) | U ¢ Rk,U D A} (thm. 3.12 p. 28 € [1])

open

e For measure space (X, A, p):

— The exterior measure yu* w.r.t. p

VA C X : p*(A) = inf{u(B) | B€ AAB D A}. (act. 513 5. 25 € 1)

— The interior measure pu, w.r.t. p %/

VA C X : p(A) = sup{u(B) | B€ AANB C A}. (aet. 313 p. 25 € 1y
—VACX:3Be€ A: AC BAp*(A) = p(B). (thm. 3.14 () p. 20 € (1])
— p* is an exterior measure on X. (thm. 3.14 (i) p. 20 € (1))

— Ay C My and p*|a, =T @nm 514 Gin) v 20 € 11D
— If p is o-limited, then A, = M+ and p*|m,. = B

(thm. 3.14 (iv) p. 29 € [1])

e If \ is the Lebesgue measure on (RF, B(RF)) and
A P(RF) — [0, 00] with \*(A) being the exterior measure of A w.r.t. A,
then \* conincides with the exterior Lebesgue measure on R¥.

(rem. 3.15 p. 30 € [1])

e The Lebesgue measure on (RF, My-) is the
completion of the Lebesgue measure on (R¥, B(RF)). (hm. 3.16 p. 30 € (11)

e For measure space (X, A, p) and A C X with p*(A) < oc:
Ae ‘AM [=4 N*(A) = N*(A)- (thm. 3.17 p. 30 € [1])



3.1

Basic Properties of the Lebesgue Measure

For metric space X and o-algebra A on X with A D B(X) and p measure
on (X, A): p is normal / regular? e 15 57
1L.VKE S X:puK) <o

compact

2. VA€ A: pu(A) =inf{u(U) |U S X, UD A}

open
(exterior normality / regularity?)

3.VU © X :u(U)=sup{u(K)|K_ < X, KcCU}

open compact
(interior normality / regularity?)

The Lebesgue measure \j, in R¥ is normal / regular?, and

VA e M,\; : )\(A) = sup{)\(K) | KcomcpactX’K C A} (thm. 4.2 p. 37 € [1])
It can be proved that the Lebesgue measure in (RF, M) is

the completion of the Lebesgue measure in (R¥, B(RV))

by showing that M. = B(RF)x

using thm. 2.10 and the normality of A. (rem. 4.3 p. 38 € (1)

For metric space X: Every measure in the metric space (X, B(X)) is called
Borel measure (in X) (notes from lessons € 11y

The Lebesgue measure in (R* B(RF)) is
the unique Borel measure in R such that VImtecrml RE : X(T) = v(I).
(thm. 4.4 p. 39 € [1])

The exterior Lebesgue measure and the Lebesgue measure are
motion invariant (see section 4.1 for notation and basic stuff):

— VYA C Rk,.il;' € RF - )\Z(A) = )\,’;(A—I-.'L') (thm 4.6 (i) p. 39 € [1])

— VACRk,.Z' ERk :AGM)\; @A—I—xe,/\/l,\;. (thm 4.6 (ii &) p. 39 € [1])
VYA e M)‘Z :)\k(A) = )\k(A—}—.Z'). (thm 4.6 (ii 8) p. 39 € [1])

— Also holds for the Lebesgue measure in B(R¥): (rem. 4.7 p. 10 € (1))
VACRF,z e RF: Ac B(RF) & A+ z € B(R).
VA € B(RF) : A\ (A) = A\ (A + 2).

Uniqueness of the Lebesque measure w.r.t. motion invariance:
If p4 is a Borel measure in R* such that
VIinteCrd)al Rt :Vz € R* : u(I + z) = p(I) and such that
commact R 1 i(K) < 00, then
pac
JoaeRa>0:p=a-A ie:
VA e B(]Rk) : N(A) =« - /\(A). (thm. 4.9 p. 41 € [1])

VA€ My, A(A) >0:36 >0:5(0,8) C A— A.
(Steinhaus) (thm. 4.10 p. 41 € [1])

The Cantor set is over countable (so it has cadinality of the continuum)
and has Lebesgue measure 0. (thm. .11 p. 22 € (1)

Vitali’s theorem: There ezists a subset of R, and hence also of 0, 1],
which is not Lebesgue measurable. (hence: My- C P(R)).
Also holds for Rk. (thm. 4.12 p. 42 € [1])



There exists a Lebesgue measurable subset of R
which is not a Borel set. (hence: B(R) C M- (R)).
AISO holds for Rk. (thm. 4.14 p. 43 € [1])

For (X, p) metric space and u limited Borel measure in X:
VA€ B(X),:p(4) =
inf{u(QG) | GopcenX,A CG}=

sup{u(F) | F C X,F C A} (thm. 4.15 p. 44 € [1])

closed

A completely limited metric space (X, p) *f

A metric space (X, p) whereVe > 0: I{z1,... ,2,} C X : X = Us2, S(zi,e).
Equivalently: X is a finite union of sets with diameter < €. (». 45 € 1y

Any complete and completely limited metric space is compact.

(lemma 4.16 p. 45 € [1])

A Polish metric space (X, p) %/

A metric space which is sepam_ble and
which has an equivalent complete metric. (v. 45 € 111y

For Polish metric space X:
Every limited Borel measure p is normal / regular?. (nm. 417 ». 45 € 111y

From Excercises

For an A C R*, the following are equivalent: (s e 1y

1. Ae My
2. A= BUC for some F,-set B and some set C with pu(C) =0
3. There exists an F,-set D, such that \*(A A D) =0

For ACRaeR I >0:

Ifvte Rwith [t| <d:a+t€ Aora—t€ A, then
A (A) > 6 wenp

If ACRand a € ]0,1[ such that VI, .S R:A*(ANI) < aX(I), then
A(A) =0 ¢renpy



3.3 Measurable Functions
def

e For measurable space (X, A): f: X — [—00,00] is A-measurable **
VB € R :the set [f < §] = {z € X | f(z) < B} = (o0, B]) is
measurable (i.e. it belongs to A). (aet. 5.1 5. 51 € 11y

o For measurable space (X, A) and p is a measure in (X, .A):
f:X = [~o0,00] is u-measurable 4/ f is A, -measurable.

(def. 5.1 p. 51 € [1])

e For measurable space (R*, A) and X is the Lebesgue measure in (RF, A):
f:RF = [—00,00] is Lebesgue measurable ' f is A\-measurable.

(def. 5.1 p. 51 € [1])

e For metric space X:
f:X = [—00,00] is Borel measurable *°/ f is B(X)-measurable.

(def. 5.1 p. 51 € [1])

e For mesurable space (X, A) and f: X — [—o0, 0],
the following are equivalent:

1. fis A-measurable

2. VBeR:[f <B] = f1([—o0,B]) € A (def. of measurable)
3. VBER:[f <p]=f([~o0,8) € A

4. VBeR:[f>B]=fH([B,0]) € A

5. VBeER:[f>B]=f1(B8,x]) €A

(thm. 5.2 p. 51 € [1])

e For measurable space (X, A) and B C X:
B e A & xp is A-measurable. em. 5.3 G) ». 52 € (11)
(xB is the indicator function of B, see section 4).

0 ,8<0
Proof: [xp < B]=¢X\B ,0<8<0
X ,1<B

e Any Borel-measurable function f : R¥ — R is also Lebesgue measurable.
Proof: B(]Rk) C sz. (rem. 5.3 (ii) p. 52 € [1])
Warning: The opposite does not hold. E.g.: A € My;\B(R*) and f = xa.

e Any continuous function f : R¥ — R is Borel-measurable.
Proof: VB e R:[f < B8], S RF so[f < B]is Borel. (em. 5.3 i) p. 52 € (1))

closed

e For IintecrvalR and f : I — R increasing: f is Borel measurable.
Proof: VB € R : set a = sup[f < 3] and then
[f <Bl=[-o0,a[Nlor[f <pB]=[-00,a]NI,so[f <f]is Borel

(rem. 5.3 (iv) p. 51 € [1])
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e For measurable space (X, A) and C C X:

— The trace Ac of Ain C %/
the family Ac = {A ncC | Ae A} (def. 5.4 p. 52 € [1])
- .AC is a U—algebm in C. (def. 5.4 p. 52 € [1])
— f:C = [—00,0] is measurable 7
f is Ac-measurable (i.e.: VB € R: [f < f] € Ac). (aet. 5.4 p. 52 € 1)
- IfCeAthen Ac ={BeA|BCC} so
f is measurable & VB € R: [f < B] € A. (det. 5.4 p. 52 € 111y

e For (X, A) measurable space and f: X — [—o0, 0]:

— f measurable and C C X = f|c measurable. (snm. 5.5 ) p. 53 € (1)

— For {C,,} sequence in A and U2 ,C), = X:
f measurable < Vn € N: f|¢, measurable. (tnm. 55 Giy . 53 € (11

e For metric space X andY _ . C X
subspace

— B(X)y = B(Y) (thm. 5.6 (i) p. 53 € [1])
Le.: The trace of B(X) in Y equals
the o-algebra of the Borel set B(Y).
— f: X — [—00,x] is Borel measurable =
fly : Y = [—o00, 0c] Borel measurable. (shm. 5.6 Gi) p. 53 € (1))

e For measurable space (X, A):

— For function f : X — R the following are equivalent: (shm. 5.7 o. 53 € (1)

1. f is measurable.

2.YG C R:[feG]=f'(G) € A

open
3. VF S R:[f€F]=f'(F) €A

4. VBeB(X):[feB]l=f1B)e A
— For measurable functions f,g: X — [—o00, 0] the following holds:

1.[f<gl={ze X | f(z) <g(x)} € A. (hm 5805 51}

2. [f<gl={ze X | f(z) <g(x)} € A (thm 5580p. 51 € 1))

3. [f=gl={z€ X |f(z) =9(2)} € A (thm 555 501

4. fAgis measurable where Vz € X : (f Ag)(z) = min{f(z), g(z)}.
(thm. 5.9 (i) p. 54 € [1])

5. fVgis measurable where Vo € X : (fVg)(z) = max{f(z),g(z)}.

(thm. 5.9 (i) p. 54 € [1])

6. ft = fVO0is measurable. (tnm. 5.9 Gi) p. 54 € (1))

7. f~ =(=f) V0 is measurable. (sum. 5.9 Gi) p. 54 € 111y
— For f, : X = [—00,00] and

{fn}nen a sequence of measurable functions:

1. sup,, fn is measurable. (nm. 5.10 (i) p. 55 € [11)
inf,, f, is measurable. (thm. 5.10 (i) p. 55 € [1])
lim sup,, fn is measurable. (thm. 5.10 Gi) p. 55 € (11)
liminf, f, is measurable. (inm. 5.10 Gi) o. 55 € (11
lim,, f,, is measurable if it exists. (tnm. 5.10 o) ». 55 € [1])
Le.: Iflim,, o fr converges to a point f = limsup,, f, = liminf, f,.

A
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e For measurable space (X, A):

— If X is a metric space and f: X —» R:

1. f is Baire-1 dif (def. 5.11 p. 55 € [1])
It is point of convergence of a sequence of continuous functions.
2. f iS Bai're-,? dif(def. 5.11 p. 55 € [1])

It is point of convergence of a sequence of Baire-1 functions.

3. Baire-1 and Baire-2 functions are measurable.
Proof: Thm. 5.3 (iii) and thm. 5.10.

4. Tt is known from real analysis that:
f = xo is Baire-2 but not Baire-1.

5. The first derivative f' of a differentiable function f is Baire-1.
(def. 5.11 p. 55, exc. 5-10 € [1])
— For measurable functions f,g: X — [0,00] and « € R,a >0
the following holds:
1. a- f is measurable. (tum. 5.12 ¢) p. 55 € [1])
2. f + g is measurable. (wum. 5.12 (i) p. 55 € [1])
— For measurable functions f,g: X - Rand a € R
the following holds:
1. a- f is measurable. (um. 513 () p. 56 € (1)
2. f+ g and f — g are measurable. (ium. 5.13 i) p. 56 € [1])
3. f g is measurable. (thm. 5.13 (iii) p. 56 € [1])

0 ,g9(z)=0
. | f] is measurable. (tum. 513 v) ». 56 € 1))
def

f(z) 0
4. hiz) = {g(z) 9(@) # is measurable. (thm. 5.13 (iv) p. 56 € (1)

(@]

— s: X > R is stmple
The set s(X) of values of s is finite. (aet. 5.14 . 57 € 111

— For s : X — R simple: (aer. 5.14 p. 57 € 1)
There ezists a unique finite measurable partition {A,... , A,} of X
with A; # 0 (i.e.: A; pairwise disjoint and X = |J 4;) and
unique o, ... ,an € R with Vi # j : oy # o such that:
s =17, a;xa,. This is called the normal form of s.
It is found by setting {a,... ,an} = s(X) where Vi # j : a; # o
and setting Vi € {1,... ,n}: 4; = s ({ai})

— For measurable function f: X — [0, +o00]:

There ezists an increasing sequence of functions {s,}

(i.e.: Vz € X : Vn € N : s,(2) < spy1(z)) such that

f=limy, 008, and ¥n € N: s, : X — [0,00[ is simple.

If f is limited, then lim,,_, s, converges uniformly. (wum. 5.15 5. 57 € (11)
— For measurable function f: X — [—o0,400]:

There ezists a sequence of simple functions {s,} such that

f=lim,_, s, and {|s,|} is increasing.

If f is limited, then lim,, ., s, converges uniformly. (nm. 5.16 p. 58 € [11)

12



e For measurable space (X, A):

— f: X = C is A-measurable ak.a. measrurable (w.r.t. A)
VB € B((C) : f_l(B) € A. (aer. 517 p. 59 € 1)

— For a measure p in (X, A):
f:X = C is p-measurable %/
f is Ay-measurable. (aet. 5.17 p. 50 € (1))

— f:X — C is Borel measurable *’
fis B(X)—measumble. (def. 5.17 p. 59 € [1])

— For f: X = C, the following are equivalent: (v. 50 € 111

1. f is A-measurable
2. VG © R: f71(Q) € A.

open
3. VFclocsedR : f7YF) € A.
— For f: X - C, f =u+ iv where
u,v : X = R are the real and imaginary parts of f:
1. f measurable & u,v measurable. (thm. 5.18 (i) p. 59 € [11)
Equivalently: u™,u ™, vt and v~ are measurable.
2. f measurable = there exists a : X — C measurable such that:
Vee X : |a(:c)| =land f=a- |f| (thm. 5.18 (ii) p. 59 € [1])

— For a sequence {fn}nen of measurable functions f, : X —» C:
lim, oo fn = f = [ measurable. (thm. 5.19 p. 60 € 111

— For f,g: X — C measurable and ¢ € C we have: (thm. 520 p. 60 € [1])
1. ¢-f, f+g, f-gand |f| are measurable.
2. 5 is measurable if Vo € X : g(x) # 0.
— A measurable function s : X — C is simple 7/
s(X) is finite. (aet. 5.21 . 60 € 111y
— s: X - Cis simple & Re f and I'm f are simple. (aet. 5.21 5. 60 € [1])

— For f: X = C measurable:
There ezists a sequence {s,}nen of simple functions
Sp : X = C such that f = lim,,_,, sp.
And: f limited = {s,} converges uniformly. (hm. 5.22 ». 61 € (1))
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e For measure space (X, A, u):

— For simple function f : X — [0, oo with normal form f = >"7" | a;xa,:
The Lebesgue integral [ fdu of f (w.r.t. p) 7 S aip(Ay).
If the limit 0 - (+-0c) appears we define 0 - (+00) = 0.

Clearly ffd/j, € [0, oo] (def. 6.1 p. 65 € [1])

— For simple function f: X — [0, 00[ and
By, ..., B, € A pairwise disjoint such that:
f=3"7_1 Bjxs,, then:

Z?:l ij(Bj). (lemma. 6.2 p. 65 € [1])

— For f,g > 0 simple functions and a > 0:

% f Ozfdu = f fdu. (thm. 6.3 (i) p. 66 € [1])
* f(f + g)d,u, = ffdp, + fgd,u,. (thm. 6.3 (ii) p. 66 € [1])
x f<g= ffdu < fgdu. (thm. 6.3 (iii) p. 66 € [1])
e For measurable function f : X — [0,00]: (det. 6.4 5. 67 € 1)y
The Lebesgue integral [ fdu of f (w.r.t. p) 7
J fdu =sup{[ sdu | s simple, 0 < s < f}.
If A€ A, the Lebesgue integral [, fdu of f (w.r.t. p) def
J4 fdp = [ fxadp. Clearly: [, fdu € [0, 0]

L] ffd,u = fX fd/,L. (rem. 6.5 p. 67 € [1])

VAe A: [, fdu= [ fladp|a, where
u|a is p restricted to the trace Aq of Ain A. (rem. 65 p. 67 € 111)

For f,g: X — [0,00] measurable functions, & > 0 and A,B € A:

— [afdp=a [ fdu. nm 666 e 67 e nn

— f<g= [fdu< [gdu. nm e cip. o7 e

-~ ACB= [, fdu< [p fdp. um o6 i p. 67 € m

— Ifu(A) =0or f =0in A, then fA fdu = 0. (tvm_ 66 Gv) p. 67 € (1)

For simple function s : X — [0,00[: (lemma6.7. p. 68 € 11])
If we set v : A = [0,00] to v(A) = [, sdp, then v is a measure.

Monotonic Convergence of Lebesgue: (shm. 6.8 o. 69 € 1)
For f, : X — [0, 00] increasing sequence of measurable functions

(e il fo<eee)
If we set f = lim,,_ oo frn, then

14



3.4 More...

e Theorem 15 is generalized as follows:
If f,9 € Lp(1) and f < g p-almost everywhere, then

ffdu < fgdu (rem. 1 € [1])

e In the teorem K.¥., the requirement? that |f,| < g can be replaced by
| frn| € p-almost everywhere (rem. 2 e i

o Also the requirement? that {f,} converges towards f can be replaced by
? > 7 p-almost everywhere (em. 2 € 111y

e For measure space (X, A,u) and f, : X — [0,00] for n = 1,2,... is a
decreasing sequence of measurable functions where [ fidu < oo, then:
flimn—wo frdp = lim, f frdp < 00. (exe. 6 € (11)

o Generalization of Fatou’s theorem: For measure space (X, A,p) and h :
X — [0, 00] measurable with [ hdp < oo and f, : X — [—o0,00] for n =
1,2,... is a sequence of measurable functions where ¥Yn € N: f,, > —h:
Jlimp o0 inf frdp < limp_yoo inf [ frdp (exe. 7€ 1
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3.5 Convergence of the Riemann Integral towards the Lebesgue
Integral
e f:[a, 8] = R is Riemann integrable */
the limits of the upper sum and lower sum are equal, written:

fff or fff(:z:)dm

e Riemann criterion: f : [a, 8] — R is Riemann integrable <
Ve > 0 : 3 partition p of [a, ] : U(f,p) — L(f,p) < €

e From real analysis about Riemann integrability:
For metric spaces X,)Y, f: X - Y,z € X:

f continuous at r &
T#(z) = inf{partition f(U) | U neighborhood of x} =0

e For f:[a, 8] = R discontinuous we have:

— [ is Riemann integrable <
the set A(f) = {z € [o, (] | f is not continuous at x} has Lebesgue
measure 0. (i.e.: f is A-almost everywhere continuous)

— If f is Riemann integrable, then
f is Lebesgue integrable (w.r.t. \) and fff = f[a g faA

— A(f) =Ty > 0] = U, [Tf > L] = f, closed

3.6 Results from Excercises

e For measurable space (X, A): (exe. 5 € 111y
If {un} is a growing sequence of measure functions in (X, .A)
(ie: VAEe A:Vn € N: up(A4) < ppg1(4)), then
VA€ A: pu(A) =limy, pp(A) : A — [0, 0] is a measure.

16



4 Misc Notation

e For a sequence of subsets {A,} of a set X: (». 3 e 1y
— A, growing / increasing sequence dif Vn: Ap C Apyt
— A, falling / decreasing sequence dif Vn: A, D Any

1 ,forzeB

o Indicator function of B: Xp(x) = {0 ; ¢ 5
, for z

e For partition A ={a =1ty <t; <--- <t, =L} of [a, ]
the granularity of A dif [|Al] = max;eq1,... n} ti — tic1

e For partitions Ay, Ay of [a, B]: Ay is finer than A; ¢/
A; C Ay (also written Ay < As)

4.1 Adding And Subtracting Sets, Motions etc.
e For A,B C RF, x € R* we define: (act. 4.5 p. 30 € 11y
- AxB={x+ty|z€Ayec B}
- Atz=A+{z}

e For any {A,} sequence of subsets of R* and A,B C R* and z € R¥:
(p- 39 € [1])
— (UL, A4,) 2 =082, (A, £ 1)
= (MpL14n) £z =M, (A, £ 2)
— (A\B)tz=(A+xxz)\(Bxx)
e Motion with z: T, : R¥ — R* with Vy € R* : Ty, (y) = y £ 2.
Tw(A) = A+ z and T_w(A) = A — 2. (def. 4.5 p. 39 € [1])
— T, is a homeomorphism, i.e.:
VA CRF : A open & A+ x open.

— T, is bijective and using previous identities we also get:
VACR:: A e BRF) & A+z € B(RY)
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