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1 Conventions for Calculations with Infinity

e +00+a=+oo for a € RU {400} (p. A.3[1])
e a-(4+00) =400 fora>0 (p. A3[1)])

a-(+00) = —oc for a <0 (p. A.3[1])
0-(xo0) =0 (p- A3 [1])
+00 + (—00) is undefined! (p. A.3 [1])

2 Integrals

Rules for complex numbers, where f, g : [a,b] = C, f = Re f+ilm f:
. fab f(z)dz diffb Re f(z)dz +1 fab Im f(x)dx (v 20 € 131y (1.8 € (1))
. Re(fab f(t)at f Re f(t)dt . 20 € 13
o Im([ f(t)dt) = [*Im f(t)dt . 2 e o1

. fabf( dx = f f(z)dz (complex conjugate) (i3 e (11

3 Lebesgue Integral
3.1 Intuitive Description (p. A.2 [1])

Let f > 0 be a limited function on R with values in [0,a[. Divide [0, q[ into

[0, &[[2,22..., NNla a[ and consider the orgininal sets B; = f ([ a, ©a),
where 1 =1, 2, ..., N. Let my1(B;) be the generalized length of the set B;. The

number Iy = Zﬁvl ~ Lam, (B;) is an approximation for the area under the

graph for f. If N "y I exists then f is Lebesgue integrable over R with respect
to the measure m; and the value of the limit is the lntegral of f over R with
respect to my. Denoted [p fdmy, [, f(z)dz or [%_ f(x
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3.2 Measurable Sets

e Any open subset B C R is a countable disjoint union of open intervals:
B= Ufil]ai, bi[, where ]ai, bi[ﬂ]aj,bj[: 0 fori#j (p- A2 [1])

Let B be such an open subset:

o my(B) =32, (bi — a;), where b; — a; = 400 if ]a;, b;[ is unbounded (p.
A21))

o mi(B) =372, (bi —a;) =inf{3>;%, (b —a:) | B C U2 ]ai, bi[}, where we
can even assume |a;, b;[ to be bounded (p. A.2 [1])

Borel sets B; - also called measurable sets:

e There exists a least system B; of subsets of R (which include the open
sets) and a unique function (the Lebesgue measure) m; : By — [0, +0¢]
with the following properties:

1. BeB, = (0BeB,
2. B),By,...€B, =, B, eB,
3. my(P) =0 and my(Ja,b]) =b—a for —co <a < b < 400
4. (Bl,BQ,...GlBlA(i#jiBiﬂBj:@))i
m1(U,Z: Bn) :ZZO=1 mi(Bn)

These are the Borel sets - also called measurable sets (p. A.2 [1])

e Open sets, closed sets, singletons, countable sets, Q, R, all intervals are
allin By (p. A3 [1))

e my can be defined by: mi(B) = inf{} -, (b; —a;) | B C U;2,]as, bi[},
where we can even assume |a;, b;[ to be bounded (p. A.3 [1])

e VA/BeB; : AC B=mi(A) <my(B) (m; is growing) (p. A.3 [1])
o VA€ B, : Aisa zero set =my(A4) =0 (p. A.3[1])

e Vo€ R,B € By : m(B) =mi(B+a), where a+ B = {a+6 |6 € B}
(translation invariance) (p. 2.4 [1])

3.3 Measurable Functions

e A function f: R — [—00, +00] is measurable =
Va € R: f~!([a, +00]) is measurable (def. A.2 [1])

e A function f:R — C is measurable = Ref and Imf are measurable
(Ref and Imf are allowed to take on the values +00) (def. A.2 [1])

o f:R — [—00,+00] measurable =
Va,be R: f~1([a,b]) = f~([a, 0])\ f~1([b, 00]) measurable (p. A.3 [1])

e For any continuous function f : R — R : f=!([a,+oo[) is closed. Hence
any continuous function is messurable (p. A.3 [1])

e f,g:R — C measurable = f+ g and f - g measurable (thm. A.3 [1])

e f.f1,f2,...: R =& C measurable and (f,) converges pointwise towards f
(i.e: Vz € R: fr(z) = f(z) = f measurable (thm. A.3 [1])



3.4 Lebesque Integral

e For any non-negative function f : R — [0, +oo] we define the measure of
f with respect to m; by:

Jifm = 7 YT S, (B).

an — +oo and % — 0 for N = +00 (50 an could be VN).

BN = f‘l([%aN, %aN[) fori =1,2,...,N and B%_H = f([an, +o0])
(def. A4 1))

o [ fdmy €[0,400] (p. A4 1))
o [5 fdmi < 400 = f is (Lebesgue) integrable (p. A.4 [1])

(5@ when f(z) <0

)= {0 elsewhere (p- A4 1D
_ Jf(x) when f(z) >0

* f+(@) = {0 elsewhere (p- A4 1)

e fi and f_ are measurable. f = fy — f_. |f| = f+ + /- (p. A4 [1])

o Let f: R — [—00,+00] be measurable. fy, f_ integrable = f integrable.
Jg fdmy = [ fydmy — [ f—dmy (def. A5 [1])

e Let f: R — C be measurable. f integrable <& Ref,Imf integrable.
Jg fdmy = [, Refdmy + i [, Imfdmy (def. A5 [1])

e For any measurable function f on B we define fy on R by:

. )flz) zeB
folw) = {0 ¢ € R\B

f measurable < fy measurable.
fo integrable over R = f integrable over B.

[ fdmi = [ fodmi (p. A5 [1])

e Let f on B € B; be measurable.
mi({z € B| f(z) #0}) =0= [, fdmy =0 (ex. A.6 [1])

¢ f,g integrable and f, g differ only in a zero set = [ fdm; = [ gdmy (ex.
A6 [1])

e The integral of f over an interval: f: f(z)dz for a < b (ex. A.6 [1])

3.5 Properties of the Lebesgue Integral
Let B C R be measurable:

e Let f : B — [0,+00] be non-negative and measurable.
Jg fdmi =0 mi({z € B| f(z) #0}) =0 (thm. A.7 [1])

e A statement which applies for all z € B except for a zero set is said to
apply almost everywhere (p. A.6 [1])

o f =g almost everywhere & [, |f(2) — g(z)|dz =0 (p. A.6 [1])



e Letae C. f,g: B — C integrable = f + g,a- f and |f| integrable.

1. fB(f+g) dz = [ f(x)dz + [ g(x)
2. [ga-fx)de=a- [, f(x)de
3. | [z f( dx|<fB|f z)|dz
(p- A6 [1))

e Let f1, f2,... be a growing sequence of non-negative functions on B (i.e.
n <m = f, < fn) which converges pointwise towards f : B — [0, +o0]
then [ fndmi 7 [p fdmy (Lebesgues monotony thm., thm. A.8 [1])

e Let f1, f2,...: B — C be asequence of integrable functions. If there exists
an integrable function g : B — [0, +00] (majorant) so that Vn =1,2,...:
|fnl < g and if f, = f pointwise for f : B — C, then f is integrable and
I fndmi — [, fdm, (Lebesgues majorant thm., thm. A.9 [1])

o If f: B — C is measurable and g : B — [0,4+00] is integrable and
Vn = 1,2,... : |fa| < g, then f is integrable (consequence of majorant
thm., p. A.7 [1])

e Given f: B — C. |f| integrable < f integrable (consequence of majorant
thm., p. A.7 [1])

e For all continuous f : [a,b] — R the Riemann integral equals the Lebesgue
integral: "™ " =0 f(qg+ ZL(h—a)) = fa o fdma (ex. A.10 [1])

n—00 =1 n

3.6 Multiple integrals
The same sentences as above holds for R¥.

o Lebesgue measure on [ =I; x Iy x -+ x Iy: my(I) =
ml(Il) - mQ(Iz) ----- mk(Ik) (p. A1l [1])

e The integral of an integrable function f on a measurable set B C RF:

[ fdmy or [ f(z)d*z (p. A.11 [1])

o Let I CRF,JC R be boxes. If f: I xJ— [0,+00] is non-negative and
measurable then:

Lz— [ f(z,y)d'y and y — [; f(z,y)d*z are measurable and non-
negative on I and J respectively

2. [1g f@y)dH (z,y) = [i([; f(z,y)dy)d'z = [,([, f(z,y)d*z)dy
(might be 4+00)

(Tonelli theorem, thm. A.15 [1])
o Let I CRF,JCR be boxes. If f: I x J — C is integrable then:

1. y — f(=z,y) is integrable over J for all x € I except for a zero set and
similarly for x — f(z,y) over I for all y € J except for a zero set

2 [1f(=@ ,y)d (2, y) = [;(J; f(z,y) )d'y)d*a = [;(J; f(z,y) )d¥z)d'y

The functions above are assigned any value (e.g. 0) in the zero sets where
they are undefined (Fubini theorem, thm. A.16 [1])



3.7 Properties of functions

e Let M be a metric space. Vf: M — C :supp f = {z € M | f(z) #0}
called the support for f (def. A.13 [1])

e Let G C Rbeopenand f,g: G — C continuous. f = g almost everywhere
= f=g(p. A10[1])

3.8 Misc

e VB C R we define the indicator function:

. J1 z€eB

10 zeR\B

1p measurable < B measurable. [, 1gdm; =m;(B) (ex. A.6 [1])

1B

e The Dirichlet function lg: [, 1lodm: =0 (ex. A.6 [1])

e Let B=[1,400[. For @ € R, f, : £ — z“ is continuous on B and hence
measurable. f, is integrable over B & a < —1 (ex. A.11 [1])

e Let a € R, B =|a,a+ K] where 0 < K < +o00. For a € Rgy : © —
(x — a)* is continuous on B and hence measurable. g, is integrable over
B&a> -1 (ex. A1l [1))

e LetI=1I) xLhand f: I — C= f(z1,22) = f1(z1) f2(x2) be measurable.
f integrable & f1, f2 integrable. Also holds for k£ > 2 (ex. A.17 [1])

4 Riemann Integral

e For any division D = {zg,z1,... ,2n} of [a,b] where a = zp < z1 < --- <
Tn_1 < T, = b we define the values:
L. G =sup{f(t) |t € [z 1,;]}
2. The upper sum O(f,D) of f O(f,D) = 3°i_, Gj(zj — 1)
3. g; =inf{f(®) |t € [zj 1, 7;]}
4. The lower sum U(f,D) of f U(f,D)=3_%_, gj(z; —xj-1)
(p- 112])
e VD, D'(divisions) : U(f,D) < O(f,D") (p- 1 [2])
e For any limited function f : [a,b] = R: sup{U(f, D) | D is a division of [a, b]} <
inf{O(f, D) | D is a division of [a,b]} (p. 1 [2])
o f:[a,b] = R is Riemann integrable
sup{U(f, D) | D is a division of [a,b]} = inf{O(f, D) | D is a division of [a, b]}.
Then f; f(t)dt is this value (def. 1 [2])

e A limited function f : [a,b] — R is Riemann integrable if for every € > 0
there exists a division D of [a, ] such that O(f, D) —U(f, D) < € (lemma

2 [2])

e Any continuous function f : [a,b] — R is Riemann integrable (thm. 3 [2])
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