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1 Differential Equations

1. order differential equation system: ‘i—f = f(t,x) where I C (interval) R, f : I x
Rk — Rk Also written as: % = fl(t,.’El,.Z'z, . ..’L’k), ceey d;—tk = fk(t,.ib'l,.’L’Q, . .’Ek)

where f = (f17f27"‘ Jfk) (p 7.1 [1])

e Let J < I,go:J—)]R’“.cpisasolutionfor‘;—f:f(t,x)i

subinterval

o differentiable and Vt € J : ¢'(t) = f(t,¢(t)) (def. 7.1 [1])
e is a mazimal solution for Cé—f = f(t,x) = there is no solution on J' where
J C J' which equals ¢ on J (p. 7.1 [1])

e Any solution for % = f(¢,z) is continuous differentiable (p. 7.1 [1])

e Continuity of f is not enough to ensure a unique solution. E.g. f(t,z) =

PRY:
2Ve t>to has both the solution ¢(t) = 0 and ¢(t) = (t—t0)" t>to
0 <0 0 t<to

(ex. 7.2 [1])

o VI, S R:Vo=(p1,...,0k) €CUI,R*):V[a,b] € I:
| [? o(s)ds|| < [ |le(s)||ds for any norm on R¥ (p. 7.2 [1])

o Let (to,z0) € I xR e C(I,RF). Vt€ I : To(t) = zo + ftto f(s,¢(s))ds
is the base function for f(s,p(s)) with value zg for ¢ =ty (main theorem
of differential and integrational maths).
This equation defines amap T : C(I,RF) — C(I,R¥) (also called T'(to, zo, I)).
That T has a fixpoint means that it solves the integral equation:
o(t) =m0 + [} f(5,0(s))ds for t € I (p. 7.2 - 7.3)

e The differential equation ‘;—f = f(t,x) with start value z(to) = zo has a
solution ¢ : I — RF & ¢ € C(I,RF) is fixpoint for T (to, 2o, ) (notice

that we require ¢ to be continuous - not differentiable) (thm. 7.3 [1])

e For a compact interval K, C(K,R¥) is complete with |||, = ;2% [[o(t)||cc =
rere max(lo1(t)]; ..., [ex(B)]) (p- 7.3 [1], thm. 5.8 [1])
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e K compact interval and f : K x R¥ — R¥ meets a global Lipschitz con-

1.1

1.2

dition: 3¢ > 0:Vt € K : Vz,y € R* : ||f(t,z) — f(t,9)]|oo < ||z — ¥||oo
then T' = T'(tg, xo, K) meets the Lipschitz condition: Vo, € C(K,RF) :
|Te —TY||ly < c-U(K)-||¢— ||, where [(K) is the length of the interval

K (lemma 7.4 [1])

The global Lipschitz condition means that V¢t € K : f(t,-) : R* — RF
meets a Lipschitz condition on all of R¥ with the same c (rem. 7.5 [1])

Banach’s Fixpoint Theorem

Let (z,,)n>0 be a sequence in a metric space (M, d).
Yo d(zj,xj41) < 00 = (2,,) Cauchy (lemma 7.6 [1])

For a set M the function T : M — M has a fizpoint a € MdjfT(a) =a
(p- 7.5 [1])

For a set M a fixpoint for T can sometimes (but not always!) be found
be the method of successive aproximations: Chose some g € M. x; =

T(.’l]‘o),.’L‘z = T(l’l) = T°2(.’E0),$n = T(.’Enfl) = Ton(wo),.. .. .If (.’En)nzo
has a limit a = nl;moo Z,, then a is a fixpoint for T since T'(a) = nljnooT (zn) =

nli>moo$"+1 =a (p. 7.5[1])

Let (M,d) be a metric space. T : M — M is a contraction of M def
T meets a Lipschitz condition with contraction constant 0 < ¢ < 1
ie: Vo,y e M :d(T(x),T(y)) < c-d(z,y) (def. 7.7 [1])

T a contraction of a complete metric space (M, d) = T has exactly one fix-
point a € M and for any x the sequence of iterated points (T°"(zp—1))n>1
will converge towards a (Banach’s Fixpoint Theorem) (thm. 7.8 [1])

Existence and Uniqueness Theorems for 1. Order Dif-
ferential Equation Systems

Assume that f : I x R¥ — R* meets the global Lipschitz condition on
K x R* for all K < I (where the constant ¢ may depend on

compact_interval
K). For given tg € I, o € RF the differential equation system ‘;—‘: = f(t,x)
has exactly one solution ¢ : I — RF which satisfies the start condition
gO(to) =X (thm 7.9 [1])

Linear system of differential equations:

‘%1 = pu@®)zr +- - +pue)zr + @ (t)
doe = pra(t)zy + -+ pre(t)k + qu(t)
T q(t)
With the colum vectors z = : ,q(t) = :
T qr (1)

and k x k matrices P(t) = (p;;(t)) we can write the equation as:
4 = P(t)z + q(t) (p. 7.7 [1])



o VY(tg,zo) € I x R*: There exists exactly one solution ¢ : I — RF for

1.3

i_f = P(t)z + q(t) where ¢(tg) = zo (thm. 7.10 [1])

Let © C R x R* be open and f : Q — R¥ a continuous function. f meets
a local Lipchitz condition V(to, zo) € Q there exists a compact interval
Ko = [to — €,t9 + €] and a compact box Do = {z € R* | ||z — zo||eo < 7}
with Kg X Dy C Q and a constant ¢ > 0 such that: Vt € Kq : Vx,y € Dy :
1f(tz) = f(t9)lloo < ¢l|lz —ylloo (def. 7.11[1])

A solution for ‘é—f = f(t,z) with f as for the local Lipchitz condition is

now ¢ : J — R¥ where Jopc—enR such that Vt € J : (t,¢(t)) € 2 and
Vi e J:¢'(t) = f(t, o) (p. 7.9 [1])

Assume that Qop%nR x RF and that f : Q — R* is continuous and meets
a local Lipschitz condition then V(tg,zo) € 2 there exists exactly one
maximal solution ¢ : J — RF for the differential equation system ‘;—f =
f(t,x) where (t,z) € Q and p(ty) = zo. Any solution is a restriction of a

maximal solution (thm. 7.12 [1])

Assume that Qop%nR x R¥ that f = (fi,...,fr) : Q@ = R* is continuous
and that all f; in Q has continuous partial derivatives gﬂf L g{; after

the last k variables. Then f meets a local Lipschitz condition (lemma 7.13
[1])

f(t,r) = 1 + 2% has for any ¢ € R the solution p(t) = tg(t — c¢),t €
le—%,c+ Z[. f meets a local Lipchitz condition and lemma 7.13 was
used. ¢(t) = +oo for t = ¢+ T so the solutions are maximal (ex. 7.14

[1])

Differential Equations of Higher Order

Let QOP%HIR"“ and F : Q — R be continuous. The solution for ‘g—f =

F(t,x, %, cee ‘Z;n;_lf) is an n times differentiable function ¢ : J — R such
that Vt € J : (t,0(t),¢'(t),...,o™ V() € Qand ¥Vt € J : o™ (t) =

F(t,0(t), @' (1), .- " D(#)) (def. 7.15 [1])

The solution ¢ : J — R is mazimal djf there does not exist any solution
on an interval J' where J C J' which equals ¢ on J (def. 7.15 [1])

The solution ¢ : J — R passes trough (tg, 2o, *1,... ,&Tn_1) € def
to € J and ¢(to) = o, ¢ (to) = x1,... ," VY (te) =z, (def. 7.15 [1])

¢ : J = R is a solution for ‘fi:f = F(t,z, ‘fi—f,... ,‘fi:";_lf) which passes
through (to, o, ... ,Zn_1) if and only if it is first coordinate function in a
solution @ : t = (p(t), ¢ (t),... ,™ V(t)) for t € J with start condition

@(to) = (zo, ... ,2n_1) for the differential equation system:



dx 0

- = €T
dt !
dw o _ o,
dt 2
dmn—2 -
dt n—1
dxp,—
m;t ! = F(t,m‘o,l‘l,... ,.Z‘nfl)

(p. 7.12-13 [1])

e Assume that the function F' : I x R* — R is continuous and has con-
tinuous partial derivatives after the last n variables. Then there exists

. . . n n—1 .
a unique maximal solution for ‘fitff = F(t,x, ‘fi—f, ... ,‘fm—_‘f) which passes
through some given point (tg,g,...,Zn—1) € I X R" and any solution is

a restriction of a maximal solution (thm. 7.16 [1])

References

[1] Christian Berg. Metriske Rum, Matematisk Afdeling Kgbenhavns Univer-
sitet 1997.

[2] Bergfinnur Durhuus. Hilbert Rum med Anvendelser, Matematisk Afdeling
Kgbenhavns Universitet 1997.



