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1 Misc Notation And Names

e For G S C:if f:G — Cis written w = f(2) we write: f/(z) =22 =4

open dz dz
for the differential quotient / derivative in z € G (v. 9 € np

e A stretching function is called: DK: homoteti

e K(a,r): the ball with center a and radius r. K'(a,r) = K(a,r)\{a}

2 Areas in C (or R?)
e G CCis an area %/

G is open and any two points in G can be connected with a stairline in G

(i.e. a line consisting only of vertical and horizontal line segments inside

G) (def. 1.8, p. 16 € [1])

e GCCis (DK:) enkeltsammenhengende *7
for 2 arbitrary curves vo,v1 in G with the same starting points a and the
same end points b, we can define the homotopy function H : [0,1] x[0,1] —
G, where:
H is continuous and
vVt €[0,1]: H(0,t) = o (t), H(1,t) = 71 () and
Vs €[0,1]: H(s,0) = a,H(s,1) = b and
Vs €]0,1]: t — H(s,t) is a continuous curve from a to b and
when s varies from 0 to 1, t — H(s,t) varies from 7y to 1.
Intuitively G is an "area without holes”. . 41 ¢ ny
e G C C is starshaped around a € G %/
Vz € G : the line from a to z is contained in G. (p. 41 € )
e G CCis convex *f
Va,b € G : the line from a to b is contained in G. (. 11 € 1)y

Le:Vte[0,1]:v(t) =(1—t)a+theq.

e ACC curve connected */
for any 2 points z1, 29 in A, z; and 22 can be connected by a continuous
curve v : [0,1] - Cin A.
Le.: v(0) = 21,7(1) = 22,V € [0,1] : ¥(t) € A. (aet. 5.1 5. 73 € 11])
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2.1

2.2

2.3

Comparison of Areas

G C C starshaped = G enkeltsammenhengende. (p. 41 € 1))

G C C conver = G starshaped around any of it’s points,
and thus also enkeltsammenhengende. (». 41 € 11

A C C star shaped around py € A = A curve connected (». 73 € 111

c
A - .C = A curve connected (o. 73 € 1y

AaTCea(C = A curve connected (». 73 € 111y

A curve connected and open = (. 74 € (1))
any 2 points in A can be connected by a stairline (i.e. A is an area)

Concrete Examples of Areas in C (or R?)

C with a halfline removed =

starshaped around any point of the opposite halfline (p. a2 € 11y

Ak.a. the sliced plane of angle o € R: C, = C\{re*® | r > 0} . 77 €
In particular: C; = C\{z e R| z < 0}

An angle space is:
starshaped, but not convex if the angle > 180° (o. 42 € 111y

The area outside a parabola is:
enkeltsammenhengende, but not starshaped (v. 42 € 111y

C with a point removed or one or more closed discs =
not enkeltsammenhengende (o. 42 € 111

The circumference of a circle is curve connected (p. 74 € 11

Misc Theorems About Areas

For G c Cand D ={ay,... ,an} C G aset of points

enkeltsammenhngende area
inG and E C D,E 75 @: (p. 125 € [1])
C

There exists G G such that DNG; = E.

enkeltsammenhngende subarea



3 Curves in C (or R?)

Premises: v : [a,b] = C parametrization of oriented continuous curve

An (oriented) continuous curve in C given by a parametrization ¢/

amap f:[a,b] > C of a closed, limited interval [a,b] into C. (». 30 € (1))
f(a) is the starting point, f(b) is the end point and f is the parametrization.

An (oriented) continuous curve in C *7

the equivalence class of curve parametrizations, where 2 curves v : [a, b] —
C, 7 : [¢,d] = C are equivalent if there exists a strictly growing map
¢ : [a,b] = [c,d], such that 70 ¢ = « - i.e. the equivalence class w.r.t.

orientation preserving reparametrizations. (p. so e [1])

def

The opposite curve of an (oriented) continuous curve vy
t|—>'y(a+b—t) (p. 30 € [1])

A closed (oriented) continuous curve v in C 7

v(a) = y(b) ¢o. 30 € 111y

The set of curve points v* on a curve v “Jv* = v([a,b]) o 30 € 11
A simple closed oriented continuous curve / Jordan curve v */
an oriented closed continuous curve v : [a,b] = C,

which does not intersect itself, i.e. y|f, 5[ is injective . s1.€ 1

We will usually orient such a curve positively, i.e. counter clockwise, so
that the inner area of the curve is to the left when running through the
curve.

Jordan’s Curve Theorem: A Jordan curve splits C into 2 areas:
An inner limited area and an outer unlimited area, both of which have the
curve as their edge. (p. 31 € 1

Smooth curve / C'-curve v %/~ is continuously differentiable,

i.e. differentiable and the derivative ' is continuous (p. 31 € 111

The tangent of an oriented continuous curve “//'(t) o s e

The speed of an oriented continuous curve “¥|y'(t)| o s e

Concrete Examples of Curves

The circle with center (0,0) and one counter clockwise traversal def
C, = rett for t € [0, 27‘(] (ex. 2.14 p. 38 € [1])

The circle with center a and one counter clockwise traversal ¢/
0K (a,r)

A line at angle a € R through 0 %/ {sei® | s € R} (v 78 € 1)



3.2 Composite Curves
Premises: v : [a,b] = C,4 : [¢,d] = C oriented C'-curves

def

e The composite curve vUJd of v and §, where v(b) = (c)
(1), t € [a,]
ud)(t) = .
(ruo® {&Hm—w,temb+w—m
(yUé) : [a,b+ (d—c)] = Cis piecewise C*, since:
(YU O)|[a,5) is C* and (y U 8)|ip,p+(ac) is C*-

e v is piecewise C' / piecewise smooth dif
there exists separation points a =tg < t1 < ... < t, = b such that
Vj € {1, e ,n} Y= 'y|[tj_1,tj] are Cl (aer. 2.5 p. 33 € 1))

e A contour / path v %/
7y is piecewise C' (aet 2.5 p. 33 € (1))

3.3 Curve Integrals

Premises: v : [a,b] — C oriented C'-curve, f :v* — C continuous

e The curve integral of f along v dif

L f=[ f(z)dz= f: FOy(®)y' (t)dt cacr22 5. 51 € 1)

. f,y f does not change, when -y is reparametrized into 7 o ¢, where
¢ : [c,d] = [a,b] is a bijective C'-map and Vt : ¢'(t) > 0 (rem. 2.3 p. 31 € (1)

o If —~ is the opposite curve of 7, then:
ff’)‘ f = — f’)‘ f (rem. 2.3 p. 31 € [1])

e By writing z = z+1iy, f(2) = u(z, y) +iv(z,y),v(t) = z(t) +iy(t) we have:
[, f=J udz—vdy+i [ vdz+udy = [ (u,—v)-ds+i [ (v,u)-ds, where
u = u(z(t),y(t),v = v(z(t),y(t),dz = 2'(t),dy = y'(t) vem. 2.5 5. 3132 € 1)

3.4 Curve Integrals of Composite Curves and Contours /
Paths
v :[a,b] = C,6 : [¢,d] = C oriented C'-curves

Premises: . .
f:7* = C continuous

e For g: (yUd)* = C continuous: fwég = fwg + [59 . s2emp

e For contour v: The curve integral of f along the contour v dif

L 0= Fin £ = I S 1= S0y [ FG0) (t)dt

(def. 2.5 p. 33 € [1])

e For contour v: f(y(t))7'(t) is piecewise continuous for t € [a,b] and thus
Riemann Integrable, so the curve integral long the contour y can be seen
as the definition of the integral:

J2 (@)Y (@)t eem. 26 € )



e The length L(v) of a contour ~(t) = z(t) +iy(t)

L) = [y @)ldt = [7 /2 ()2 + y' (£)2dt cact. 2.7 5. 34 € 1y
o Estimation Lemma: For a contour -y:
|f7 f| < MAaX ;e |f(z)|L(’y) (lemma 2.8 p. 34 € [1])

o If we can find K, such that Vz € v* : |f(2)| < K, then:
|f7 | < KL(’)/) (rem. 2.9 p. 34 € [1])

3.5 Rules for Curve Integrals and Uniform Convergence

(FIXME: move to Theorems from Metric Spaces and Topology?)

e Let v:[a,b] = C be a contour in C and let f,, : v* — C be a sequence of
continuous functions then:

— If f,, = f uniformly on v* we have:
lim,, fW fn= f,y f= f,y limg, o0 fr (shm. 4.6 p. 59 € (1]

— If Y7 fn converges uniformly on v* with sum function s : v* — C:

ZEOZO f’y fn = f’y f = f’y E:LOZO fn (thm. 4.6 p. 59 € [1])

3.6 Curve Theorems

o The tile lemma: Gopcen(C, v : [a,b] = C continuous curve in G.
There exists finitely many splitting points a = tg < t1,< --- < t, = b in
[a,b] and a radius r > 0 such that
UK (v(t;),r) C G and such that

Vie{0,1,...,n}:y([ti, tit1]) C K(v(t:),7) Ctemmas.2 p. 74 € (11)



4 Holomorphic Functions

Definitions

Premises: G € C, f:G - C

open

= f(zot+h)—f(z0)

def i has a limit for

o f (complex) differentiable in zy € G
h — 0.
This is called f'(zp), the differential quotient of f in zg (der. 1.1, p. 9 € (1))

e f holomorphic “'Vz e G : f is (complex) differentialble in z.
Then f': G — C is the differential quotient or derived function (aet. 11, p.

9 € [1])

e H(G) djf the set of holomorphic functions f: G = C (aer. 1.1, p. 5 € 1)

e f conformal in 2, djf f preserves angles between curves passing through
20 (p. 13 € [1])

e f biholomorphic diff holomorphic and f~! holomorphic (. ss € 11

Theorems

Premises: G S C,f,9:G = C,z € G,a € C

open

o f differentialble in 2o with f'(20) = a < f(z0 + h) = f(20) + ha + he(h)
for h € K'(0,r) C G (rem. 1.2, p. 9 [1])

o f differentialble in 2o = f continuous in z (p. 10 [1])

e For f,g (complex) differentiable in zq:

(af)(z0) = af'(z0)

(f£9V(z0) = f(20) 25 (20)

(f9)(z0) = flz0)g'(z0) + f'(20)9(z0) (p- 10 1))
(L)(0) = SO E0oGo) for g(z) # 0

o H(G) is stable under addition, subtraction, multiplication and division if
the denominator is never 0.
Le. H(G) is a complex vector space and a commutative ring (thm. 1.3, p.
10 [1])

e Differentiation rules for some holomorphic functions:
@) = na (p. 10 [1]
dé(z_”) = —nz~""!  holomorphic in C\{0} p-

e Function composition for f : G — C differentiable in g(z9) € G,g: U —
C differentiable in zp € U and g(U) € G. U can be an open interval
(g is a usual differentiable function) or an open set in C (g is complex
differentiable in U):

(f 29)'(20) = f'(9(20))9'(20) (p- 11 [1])



e f injective and holomorphic in G =
f(G) open in C
ot f(G) — G holomorphic
fl(z) #0forall z € G (thm. 1.4, p. 12 [1])
(fo ) = pspe=r for all z € G

(fN(f2) = 5 (Z) for all z € G

o f = u+iv complex differentiable in zy = zo + iyo < u and v differen-
tiable in (zo,y0) and the following (Cauchy-Riemanns differential equa-
tions) hold:

gm (Zo,Y0) = gy (T0,Yo) and
Z;‘ (0, o) —Sw (ﬂfoayo)

And then f'(z) = M L(2) = la—f( zp) (thm. 1.6, p. 14 [1])
e The Jacobian J of f = (z,y) — (u,v) is:

du  Bu
J = l % gg . For f complex differentiable the Jacobian determinant
oz dy

2 2
det J is: det J = [ fﬂ%f;[%] +[g_y] — 12
(rem. 1.7 p. 15-16 [1])

e The following are holomorphic in C:
exp(z) (p- 19 [1])
cos(z)
sin(z)
tan(z),z € C\ {5 +7Z} (
cot(z),z € C \ nZ (p.

cosh(z),z € C (p.
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sinh(z),z € C
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coth(z),z € C \ A
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Premises: G C,f : G —» C holomorphic

open area

e VzeG: f'(2) =0= f constant (thm. 1.9, p. 16 [1])
e f has only real values = f constant (cor. 1.10 p. 16 [1])

4.1 Geometric Meaning when f'(z) # 0
Premises: G S C,f : G — C holomorphic, z € G, f'(z) # 0.

open

Notation: w = f(z),wo = f(20), f'(20) = r(cos @ + isin8).

e For differentiable curve v : I — G through zo = v(to) where +'(tg) # 0:
f(~(t)) differentiable curve through wq
~(t) has a tangent in zg parallel to v'(¢g) (considered as the vector (Re(y'(to)), Im(v'(t))))
Parametrized tangent for v(¢): zo + s7'(t0),s € R
Parametrized tangent for f(y()): wo + sf'(20)7'(t0),s € R
The speed vector of f(y(to)) is 7' (to) streched by r and rotated by 6
For some other curve F(t): Zv(to),¥(to) = a = Lf(v(t0)), f(F(to)) = a (f conformal in zp)
Points close to and on the left of v(t) remains to the left of f(y(t)) through f



(p. 12-14 [1])
e f conformal in zy (p. 13 [1])

o f has stretching factor r = |f'(20)| and rotation angle 0 in zo (p. 13 [1])



5 Integrability, Integration, Differentiation etc.

Premises: G < C,f:G = C

area

e F:G— Cisa(DK:) stamfunktion of f: G — C %/
F is holomorphic in G and F' = f. (act. 2.10 p. 35 € 1)
Furthermore, Vk € C : F + k is also a stamfunktion of f.

e For f continuous, the following are equivalent:

— [ has a stamfunktion F(z) = f,y f (thm. 2.13 p. 38 € (1)

— fv f =0 for any closed contour v in G (shm. 2.13 ». 38 € (1)

— For any 21,22 € G: (thm. 2.13 p. 38 € [1])
fv f has the same value for any contour from 21 to 2,

o If a continuous function f: G — C has a stamfunktion F : G — C then:
fy f(z)dx = F(xs) — F(z1) for any contour from x; t0 Tz. (shm. 2.11 p. 35 €
1

e For 2o € G and f € H(G\{20}) and a simple closed contour C in G, which
sorrounds zo counter clockwise, we can often find another simple closed
contour K in G which sorrounds zy counter clockwise, such that:

fc f(z)dz = fK f(z)dz (p. 46 € [1])

Method: Find finite number of "snit" of star shaped areas between C' and
K. The theorem below is an example. (p. 47 € 111

e For f € H(G\{20}) and curves C = 0K (a,r) and K = 0K (2, s), where
K (z0,5) C K(a,r), K(a,r) C K(a,R) C G, we have:
fBK(a,r) f = fBK(zo,s) f (ex. 3.7 p. 47-48 € [1])

5.1 Integrability, Integration, Differentiation etc. for Holo-
morphic Functions

Premises: G C C, f : G — C holomorphic (i.e. f € H(G))

e Cauchy’s Integral Theorem: For G enkeltsammenhengende area
and any closed contour v in G we have:
f7 f(z)dz = 0 (thm. 3.1 p. 42, thm. 3.3 p. 45 € [1])

e Cauchy’s Integral Formula: For G_© C and K(a,r) C G, then:

open
Va0 € K(a,r) : £(20) = 25 [oxc(a) 2obd
Intuition: If we know the value of f on a circle, the the value of all points
inside that circle are known too. (thm. 3.5 p. 48 € [1])

e Let G & C and K(a,r) C G, then:

open
f(a) = % 027r f(a + rew)de (cor. 3.9 p. 49 € [1])

Intuition: The value at the center of a circle is the mean value of the
values at the circumference

o Goursat’s Lemma: For Gozfan C:

Jop f(2)dz =0 for any (massive) triangle A C G. (emmas2 p. 43 € 1))



open

enkeltsammenhngende area

G S C = f' continuous (p. 42-43 € 1)y

c C = f is integrable (hm. 5.5 p. 16 € 1))

f has a stamfunktion in G =

for any closed contour + in G: fv f(2)dz =0 (rem. 3.4 . 46 € 111y

L] IfGl

C
enkeltsammenhngende area

G, them:

for any closed contour v contained in Gy: f'y F(2)dz =0 (rem. 3.4 p. 46 € 1))

5.2 Concrete Examples of Integrability

1

o f(‘)K(a,r) ldz = 0, for a # 0,r < |a|l. So 1 is holomorphic in a non-
enkeltsammenhengende area which is contained in a half-plane (i.e. an
enkeltsammenhengende subarea) (rem. 3.4 ». 46 € 111y

5.3 Concrete Holomorphic Functions and Their Deriva-
tives and Stamfunktioner

Name

Properties

Power Function

(ex. 2.14 p. 38 € [1])

Polynomium

(p. 11, 35 € [1])

fl@y=2":C—>CforneZ
07 n 75 (_1)
z)dr =
Jo, 1) {27ri, n=(-1)
So z7! does not have a stamfunction!
p(z):Co>C=ay+az+--+apnz" =) ;_,arz®, for ar, € C
P(z) = k—;aom—t—“z—lﬁ + oo ettt
P(2) = Yhoy kayz* !

5.4 Power Series

Premises: ) | a,2™ converges with convergence radius p > 0(p €]0,c]), f(z) =
Yoo yanz™ for |z| < p, K(0,p) is f’s circle of convergence

n def

¢ Radius of Convergence p for ) ° a,2"
p=supT, where T = {t > 0| {|a,|t"} is limited} (v. 17 € 111y

e f and f’s component-wise derived series has the same radius of conver-
gEence (lemma 1.11, p. 17 € [1])

e f is holomorphic inside K (0, p) (shm. 112, p. 17 € (1]

e f can be complex derived any number of times in K (0, p) and:

f(k)(O)

A = 17>

k€ {0,1,...}. So f is it’s own Taylor Series around 0:

(n)(0)
£&) = Eig o Jo] < p o 11 10 10

n=»

o Stamfunktion: F(z) = k+) ., Tf‘—;lz"“ with same radius of convergence

P (def. 2.10 p. 35 € [1])

o If g(2) = Yo bp2z™ has radius of convergence p' > 0 and there ezists
p" < min(p, p') such that f(z) = g(z) for |z| < p", then:
ay = by, for all n. (Identity Thm. for Power Series, (hm. 114, p. 19 € [11))

10



o Y > panz™ converges uniformly towards f on any closed disc K(0,r)

5.5

5.6

where r < pP. (thm. 4.5 p. 58 € [1])
Not necessarily uniform convergence on K (0, p) though!

Development of Holomorphic Functions in Power Se-
ries

For any Gopcm(C the greatest open disc K(a,p) in G %/
For G =C: K(a,00)=C
For G #C: p=inf{la—z|| ze€ C\G} ®*<™
For G © C: Any f € H(G) is arbitrarily often differentiable and the

open
Taylor Series with center a € G converges towards f in the greatest open

disc K(a,p) C G :

Vze K(a,p): f(2) = Tol, Lo (2 - a)"

For K(a,r) C G and zy € K(a,r), Cauchy’s Integral Formula holds for
the n’th derivative for n € Ny:

f(”) (ZO) = 2L7r'z fBK(a,r) %dz (thm. 4.8 p. 60 € [1])

For G € C,f:G — C we have:

area

— f is (complez) analytical *’
Va € G : there exists a power series Y . an(z —a)" with sum f(2)
in a disc K(a,r) C G (rem. 4.9 p. 62 € (1))

— f (complex) analytical < f holomorphic (em. 1.9 o. 62 € (1))

— f holomorphic = f' continuous and holomorphic (rem. 1.9 p. 62 € (1))

Harmonic Functions

For u,v : G — R differentiable and Cauchy-Riemann’s equations hold =

00 c
u,v are C* in GopenR (p. 62 € [1])

The Laplacian Operator A dif % + g—;

82
Le.: A¢p= (%Z’ + ay‘f (p. 63 € [1])

For G ¢ C. ¢:G — R harmonic 1nGdefA¢ 0in G (p. 63 € 11y

open

For holomorphic function f = Re f and Im f harmohic (. 63 € 111y

c 2 . 2 i

For Genkeltsammmhwenda area R ~ Candu:G —>'1R a C*-function: '
there exists a holomorphic function f : G — C with Re f = v and f is
predetermined except for a purely imaginary constant k (wm. 4.10 p. 63 € [11)
v=1Im f is a conjugated harmonic function to u

For G & C,u € C?*QG)and Au=0 = u € C®(Q) . e3¢

open

11



5.7 Morera’s Theorem and Local Uniform Convergence
eForG € Cf:G—C:

area
f has stamfunktion = f holomorphic (thm. 211 5. 64 € 11y
Remember: f does not necessarily have stamfunktion in area,

but it has in enkeltsammenhengende area!

e Morera’s Theorem: For Garcea C, f : G = C continuous.

If f7 f =0 for any closed contour -y or just

Jonp f =0 for any triangle A C G, then
f holomorphic in G (thm. 4.12 p. 64 € [1])

e For G Cn(C. A sequence of functions f, : G — C converges locally

ope
uniformly towards f: G — C dif

Va e G:3r>0: K(a,r) C G and such that

fn(2) = f(2) uniformly for z € K(a,r) (aet. 414 . 64 € 111y

e G S C,fn:G — C converges locally uniformly towards f =

open . .
fn converges pointwise towards f (o. 65 € 1)

. Gopcen(C. A compact uniform sequence of functions f, : G - C dif

VK C G : fu(2) = f(2) uniformly for z € K (rem. .16 p. 65 € 11y

closed,limited

. Fopcen C. A sequence of functions f, : G — C converges locally uniformly

towards f : G - C &
fn converges compact uniformly towards f (shm. 4.15 p. 65 € (11)

e G C© C. If a sequence fi, fo,... from H(G) converges locally uniformly

open
on G towards f, then f € H(G)
Also the sequence f1, f5,... converges locally uniformly on G towards f'.

In general for the k’th derivative it holds:
VE € N: £ = #5) locally uniformly on G (. 4.17, sem. 415 p. 65 € (1)

(thm. 1.12 is a special case of this € [1])

12



5.8 Entire Functions and Liouville’s Theorem

e fis entire */ f : C — C holomorphic.
E.g. polynomials, exp, sin, cos, sinh, cosh but not %
The set of entire functions: H(C) ("infinite polynomials").
Entire functions are represented for any z € C by it’s Taylor series with
an arbitrary center (e.g. 0), so it is equivalent to power series with center
0 and radius of convergence p = 00. (». 66 € 11

e Picard’s Theorem: For a non-constant entire function f : C — C, either
f(C) =C or f(C) = C\{a} for a suitable a € C.
If f is not a polynomium, then f~1({w}) is an infinite set for all w € C
except for at most one. (thm. 4.19 . 66-67 € (1)

o Liouville’s Theorem: A limited entire function is constant (shm. 4.20 p.67 € (11

o Fundamental Theorem of Algebra: Any polynomium p(z) = Y p_, axz® of
degree n > 1 has at least one root in C. (thm. 4.21 p. 67 € [1])

o (2] dif the set of polynomials of one complex variable and complex coef-
ficients: p(z) =ap+arz+ -+ apz" : C = C (5. 68 € 1))

. (C[Z] C H(C) (p. 68 € [1])

e For d € C[z] not the zero-polynomium.
For any p € Clz] there exists unique polynomials q,r € C[z] such that:
p=qd+r, degree(r) < degree(d).
We give the 0-polynomium the degree co.
d,q,r are called divisor, quotient and rest respectively.
If d, p have real coefficients, then so does ¢ and r. (thm. 4.22 p. 68 € [1])

e A polynomium p(z) of degree n > 1 has ezactly n roots in C
(counting multiplicity). (thm. 4.22 p. 68 € [1])
e An entire trancendental function %°/
an entire function which is not a polynomial,
i.e. a series with infinitely many non-zero coefficients. (ex. 6.22 p. 113 € (1))
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6 Argument and Number of Revolutions

The set of arguments of z € C, argz dif
all § € R such that 2z = |z|e?? . 77 ¢ p
The main argument of z € C, Arg 2 dif

the unique argument in | — m, 7] (. 77 € 1)

Arg is continuous and C'* on the sliced plane Cr

We have: Arg z € argz N | — m, 7] and argz = Arg z + 27Z (. 77 € b
Arccos: [-1,1] — [0, 7] is the inverse of cos : [0, 7] = [-1,1] . 77 € 11y
Arctan: R = | — 2, Z[ is the inverse of tan: | — 2, Z[ = R (0. 77 e 1)
Arg z = Arccos £ for z =z + iy, y > 0 and r = |2] . 77 e )

Arg z = — Arccos £ for z =z +iy,y <O0and r = 2| (0. 77 c )

Arg z = Arctan Z for z =2 + iy, £ > 0 o 77 ¢ 1)

An argument function 6 for a subset A c C\{0} %/

0 : A — R such that 6(z) € argz for z € A or equivalently:
2= |2|e®) for 2 € A . 77 ¢ 11y

For any a € R: The argument function Arg, dif

defined on the sliced plane C, by: Argyz € argz N Ja — 27, af.

Arg,z is continuous and C* on C,.

Also Arg 2z = Arg,z on C; (o 77 € 111y

For any Acurve cgnnected(c\{o}:

Let 8 : A — R be a continuous argument function.

Then for any p € Z, 0 + 27p is also a continuous argument function for A

and there are no others! (emmas.sp. 78 € (11

Let v : [a,b] — C\{0} be a continuous curve, which doesn’t pass through
0, then there ezists a continuous argument function 6 : [a,b] — R along
v, and any continuous argument function along + is given by 6(t) + 27p
for suitable (ﬁxed) P E Z (lemma 5.9, thm. 5.10 p. 78-79 € [1])

So we have Vt € [a.b] : 6(t) € arg~y(t) or equivalently:

Vi € [a,b] : 7(t) = [1(8)]e®

~v* does not necessarily have a continuous argument function though!

Let v : [a,b] = C\{0} be a continuous curve.
The argument variation along v dif
argvar (v) = 6(b) — 6(a) for an arbitrary argument function 6 along ~y

(def. 5.12 p. 80 € [1])

Let 7y : [a,b] = C\{0} be a closed continuous curve.
The number of revolutions around 0 */

w(v,0) = g=argvar(y). w(v,0) € Z (aer. 512 p. 50 € 11y
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6.1

More About The Number of Revolutions

For v : [a,b] — C\{0} a contour not passing 0:

f'y %dz = 10g|%| +1 argvaT('y) (thm. 5.23 p. 88 € [1])

For v : [a,b] = C\{0} a closed contour not passing 0:
the number of revolutions around 0:

1 1
w(%(]) =55 f,y ;dz (thm. 5.23 p. 88 € [1])

The number of revolution around 0 is given as:

w(v,0) = EZ;S sign(Ayg), where vy intersects (non-parallelly) some halfline
from 0 at points Aq,...,A,_1 and

sign(Ag) = 1 when Ay, is passed counter-clockwise and

sign(Ay) = —1 when Ay, is passed clockwise (nm. 5.24 p. 80 € 111

The number of revolutions of v around z, w(v, 2) dif

w(v,2) = w(y — 2,0), where

y—z=tr () —zand v— z: [a,b] = C\{0} does not pass 0 . o1 € 111y

For 7 : [a,b] = C closed contour:

1 1
w(7,20) = 55 |, 75507 for any 20 € C\v" o 02 € tp

For v : [a,b] = C closed continuous curve:
The number of revolutions w(vy,-) : C\v* = Z
is constant in each of the components of C\v* (hm. 5.25 p. 02 € 1]y
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7 N’th Roots

e Intuition: Think of 2™ and /2 as angle scaling functions.
2™ scales up by factor n.
{/z scales down by n and circularly repeats itself n times.

e The n’th roots of z = re’’ € C where r = |2|, § € R %/
9 =

Y0=0and /2= {z | k€ {0,1,... ,n — 1}} where
2k = {‘/Fewk, 0, = % + k%r for k € {0,1,. N 1}. (p. 80-81 € [1])
Notice: {/z: C — P(C) is a multifunction.

e A branch, f, of {/z for a subset A C C:
f:A— Csuch that f(2) € ¥/zforall z€ A 5. 811

e For ACC: If f: A— Cis a branch of {/z, then . s1¢mp
z > f(z)exp(2Z) is also a branch of {/z for k € {0,1,... ,n —1}

e 0 is a branch point of ¥/z . 81 € 11y

e For n € N: 2" maps the angle space {z € C\{0} | [Argz| < T} bijectively
onto C,. 3
The inverse function p,(z) = ¥/]z]e?" = is a holomorphic branch of {/z
on C;.

ph(z) = %pn(z)l_" (thm. 5.13 p. 81 € [1])

e Description of Riemann Surfaces p. 81-82 (». s1-82 € 111y
Multivalue functions can in general be realized on a Riemann surface.

16



8 Logarithm Function

Intuition: The exp function radialy maps a strip of C into the sliced C,.

For z € C and z = u + iv, the solutions w € C to expw = z are:
logz = log|z| +iargz = {log|z| +iv | v € argz} (. 82 € 11y

The value of log z corresponding to the main argument of z is
the main logarithm Log 2. Log z = log |z| + i Arg 2 (». 82 € 111y

The inverse of Log 2 is exp|{ cq—n<im z<n} (v 82 € D)
We have for z > 0: logz = Log z + 2miZ (. s2 € 111y

A logarithm function [ for a subset A C C\{0} %/
l: A — Csuch that I(z) € logz for z € A or equivalently:
exp(l(z)) = z for z € A (v. 82 € 1))

If « is an argument function / branch of the argument function for A C
C\{0}, then:

1(z) = log|z| + ia(z) is a logarithm function / a branch of the logarithm
function for A,

and if [ is a logarithm function for A, then a = Im [ is an argument
function for A. (5. 8283 € (1)

Ie.: A has a logarithm function < A has an argument function

ForaeR exp: {z€ C|la-21r <Imz < a} = C, is a bijective
continuous map and the inverse map is:
Logyz = log|z| + @ Arga(z), which is continuous and holomorphic in C, .

d _ 1
7, Logaz =

exp(Logaz) _ z (P83 €D

Log, is a holomorphic branch of the logarithm in the sliced plane C, and
there it is a stamfunktion to % (p. 83 € [1])

Notice: Log, = Log on C; (. 83 e nny

For G_S C\{0}:

area
If there exists a continuous argument function o for G, then
1(z) = log|z| +ia(z),z € G is a holomorphic branch of the logarithm.

I(2) is stamfunktion for 1, ie.: I'(z) =1 for 2 € G (mm. s14p. 83 € 1)

~z
Any Genkeltsammenhngende area
(thm. 5.14 p. 83 € [1])

For G5 C\{0}:
If I(2) is a holomorphic branch of the logarithm on G, then for p € Z:
1(z) + 2mip is also a holomorphic branch of the logarithm on G

and there are no others. (rem. 5.15 p. 84 € (1]

C\{0} has a continuous argument function

For |z| < 1 we have the power series development:
Log (1+Z) =2z - % + % —4+.--in K(O,l). (thm. 5.16 p. 84 € [1])
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9 Power

For a,z € C: z¢ difexp(a log z), and z® is an infinite set.

E.g.: ’LZ = {6_2 2mp |p € Z} (p. 84 € [1])

If L is a holomorphic branch of the logarithm for an area G |, C\{0} then:
exp(al(z)) is a holomorphic branch of z* and

422 = al'(z) exp(al(z)) = 2 exp(ad(2)) = aexp((a — 1)I(2)) . se-s5 € m)
Practical (but incorrect) notation:

422 =z ! (where 2 is considered some holomorphic branch)

z — exp(alog(l + 2)) is a holomorphic branch of
(1 +z)°‘ in (C\{Z eR | z < 1} (p. 85 € [1])

The binomial series: Let o € C. For |z| < 1 we have:
(1+2)* =exp(alog(l+2)) = > 2" for z € K(0,1) where

((C)M):]_and(Z):wfornzl(thm.5.17p.85€[l])

For G, C.f € H(G),Vz € G : f(2) # 0, and f(G) is contained in an
enkeltsammenhengende area Q@ C C\{0} then:

we can use [ o f and exp(al o f) as holomorphic branches of log f and f*,
for a € C, where [ is a holomorphic logarithm for ().

Sometimes we can even find holomorphic branches without the condition

on f(G) (p- 85 € [1])

Riemann’s mapping theorem: For G c CG #C:

enkeltsammenhngende area

there exists a bijective holomorphic function ¢ : G — K(0,1).
¢ is also biholomorphic. (shm. 5.19 p. 86 € [11)

For G S C the following are equivalent:

area
— G is enkeltsammenhengende (thm. 5.18 p. 86 € [1]) (Cauchy’s Integral Thm. € [1])
— For any f € H(G) and any closed contour v in G: f,y f(z)dz=0

(thm. 5.18 p. 86, thm. 2.13 p. 38, Cauchy’s Integral Thm. € [1])
— Any f € H(G) has a stamfunktion (sm. 5.18 p. 86, thm. 2.13 p. 38 € [1])

— For any f € H(G) where Vz € G : f(z) # 0:
f has a holomorphic logarithm, i.e. anl € H(G) such that exp I = f

(thm. 5.18 p. 86 € [1])

— For any f € H(G) where Vz € G : f(2) # 0:
f has a holomorphic square root, i.e. an g € H(G) such that g2 = f

(thm. 5.18 p. 86 € [1])
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10

A Holomorphic Branch of Arcsin

Premise: G = C\{z e R | |z| > 1}

11

Arcsin z = f[o 2] ﬁdu, for £ € G (ex. 5.21 p. 86-87 € (1)

Arcsin|j_y 1[ is the inverse if sin: ] = 5, 5[ = ] = 1, 1[ (ex 5210 87 ¢ 1)
d : — 1

%AI‘CSIH xr = \/T7 (ex. 5.21 p. 87 € [1])

ﬁ and Arcsin x are holomorphic in G (ex. 5.21 p. 87 € [1])

Elliptic Functions

For polynomium p with degree > 1 and roots r1,72,... ,rp:
p(l—z) is holomorphic in G = C\{r1,...,r,}, which is not enkeltsammen-
hengende.

To find a holomorphic branch of p(l—z) we have to look at an enkeltsam-
menhengende subarea of G by e.g. removing some halflines (ex. 522 p. 8788
€ 1)

. . _ 1
Stamfunktioner: F(z) = [, —mdu
(integrating some contour from 2zg t0 2) (ex. 5.22 p. 87-88 € [1])

For polynomials of degree 1 and 2, the stamfunktioner F(z) can be ex-
pressed by the logarithm function and the inverse trigonometric functions

(ex. 5.22 p. 88 € [1])

For polynomials of degree 3 and 4, the stamfunktioner F(z) are called
elliptic integrals.
Their inverse functions are called the elliptic functions (ex. 522 p. 88 € (1))

Elliptic functions have 2 linearly independent periods,
typically a real period and a purely imaginary period (ex. s.22 p. 88 € [1])
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12

Zero Points and Isolated Singularities

Algebra: M(G) is brgklegemet for integritetsomridet of H(G) . 5 € 11y

A real (infinitely often) differentiable function can be 0 in an interval
without being the O-function.
This is not possible for holomorphic functions! . o5 € 11y

If a polynomial of degree > 1 has a zero point (i.e. a root) a, i.e. p(a) =0,
then p can be factored into:

p(z) = (2 — a)™q(z) where q is a polynomial with g(a) # 0 and

m > 0 is the multiplicity / order of the root . 95 € 11y

For Garcea C, f : G = C holomorphic and f # 0-function.

If a € G is a zero point for f (i.e. f(a) = 0), then:

there exists a unique n € N and a unique holomorphic function g € H(G)
with g(a) # 0 such that:

f(z) = (2 —a)g(z) for z € G.

n is the multiplicity / order of the root a: ord(f,a) «nm. 6.1 5. 95 € 111y

We say that for f(a) # 0, a has ord(f,a) =0 . 96 € 111y

A simple zero point / simple root a deford(f, a) =1 . 96 e

For G S C, f:G — C holomorphic and f # O-function:

area
For a zero point a € G, ord(f,a) is characterized by:

fla)=f'(a)=---=f"V(a) =0, f(a) # 0 (cor. 6:2p. 97 € (1)
For G & C, f:G — C holomorphic and f # O-function:

area
Any zero point is isolated - i.e. Ir > 0:Vz € K'(a,r) : f(2) #0.
The set of zero points for f, Z(f), is discrete in G,
so in particular Z(f) is countable (sum. 6.3 o. 97 € (1))

For G Mcea C, and arbitrary discrete set P C G,
there exists f € H(G) with Z(f) = P.
It is even possible to choose f with desired multiplicities (. o7 € 111)

For G & C, f:G — C holomorphic: (. o7 € 11y

area

for any X € C, the set {z € G | f(z) = A} is either 0, G or countable

The Identity Theorem for holomorphic functions:
For G € C, f,g: G — C holomorphic:

area

if f(2) = g(2) for all z in a subset A C G, which has a condensation point
in G, then
VzeG: f(z) = g(z) (thm. 6.5 p. 97 € [1])

ForG € C, f,g € H(G), f(a) = g(a) = 0 for a € G and f, g # O-function

area
in a neighborhood of a: L’Hospital’s rule: (smm. 6.7 p. 98 € (1)

The limit lim,_,, % exists < ord(f,a) > ord(g,a), and then
;8 = %7 where g = ord(g, a), and hence g(9(a) # 0

lim,_,,
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13 Isolated Singularities

e For GaTCeaC, a € G:
If f € H(G\{a}), then a is an isolated singularity.
If f can be given a complex value in a such that f becomes holomorphic
in G, the singularity is called cancellable.
If f has a cancellable singularity in z = a, the value of f(a) must be

lim,_,, f(z) (def. 6.8 p. 99 € [1])

e For G, C, f € H(G) and f # O-function:
% is holomorphic in G\Z(f),
and all points a € Z(f) are isolated singularities (o. oo € 111y
e For G 5, C, f € H(G\{a}):
If f limited in K'(a,r) for some r > 0, then:
f has a cancellable singularity at a (hm. 6.9 . 99 € 111y
e For G, C, f e H(G\{a}):
If f has a non-cancellable singularity at a, then:

f cannot have a limit for z = a (o 99 € 11
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13.1 Isolated Singularities: Poles and Essential Singulari-
ties

Premises: G_S C, f € H(C\{a}).

area

e Let a be an isolated singularity.
a is a pole of order m € N for f
(z — a)™f(2) has a limit value for z — a and lim,_,q(z — a)™f(2) # 0.

(def. 6.10 p. 100 € [1])

def

e The order of a pole is uniquely determined. (v. 100 € (1)
o lim, ,,|f(2)] = oo for a pole a at f. (v. 100 € 111y

e Let a be a pole of order m at a:
o) = L= ams@) 2 € G\{a}
lim, ,,(z —a)™f(z) ,z=a
is holomorphic in G and has power series:
9(z) = 37 o an(z — a)™ in the greatest open disc K(a,p) C G.
Le.: f(z) = e t o oot ?z’" = + > reo amtk(z — a)k.

(p. 100 € [1])

e Let a be a pole of order m at a:
The principal pa’rt of f at a dif
p(=) =Y, Zajs» where p(z) = 3701, k2", (o 100 € 11y
When subtracting the principal part of f from f,
the result has a cancellable singularity at a.

e An essential (DK: vesentlig) singularity a of f 7
a is an isolated singularity which is neither cancellable nor a pole.

{p. 100 € [1])

e Picard’s big Theorem: Let a be an essential singularity.
For any r > 0 such that K(a,r) C G, the set f(K'(a,r)) is either all of
C or C with one point excluded. (». 100 € 111

o Casiorati- Weierstrass’s Theorem: If f has an essential singularity at a,
then f(K'(a,r)) is everywhere dense in C for any r > 0 where K(a,r C G).

(thm. 6.11 p. 101 € [1])
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14 Rational Functions
e A rational function of a complex variable z 7

an expression of the form fl’ Eg, where p, ¢ € C[2], ¢ # 0-function.

— Notice: % and Z—j are considered the same function if p1gs = p2qs.

— Notice: If p and ¢ have common zero points z = a, then a suitable
power of (z — a) can be diwided away, so we can always assume that
p and g does not have common zero points.

(p. 101 € [1])

e For f(z) = pgzg rational function:
f is holomorphic in C\Z(q) and Z(f) = Z(p). . 101 € npy

e For f(z) = 28 rational function:
Let ¢'s zero points be ay, ... ,a; with multiplicities m1,... ,my, then:
a(z) = c(z—ay)™ ---(z—ay)™* and ay, . .. , ay are poles of order my, ... ,my.

(p. 101-102 € [1])

e Algebra: Integritets omradet dif
a commutative ring where ab=0=a =0V b= 0. (». 102 € 111y

e Algebra: The set of rational functions is called C(z).
C(z) is a commutative legeme, broklegement for integritets omrddet C[z],
since any element p/q € C(z)\{0} has a reciprocal element q/p. <. 102 € 11y

e For f(z) = q %) rational function and degree(p) > degree(q) we can divide
and get f(2) = q1(2) + 28, for p = q1q + r with degree(r) < degree(q).
r and q will not have COMMON 2ero Points. (v. 102 € (11

||v

e Decomposition: Let r,q € C[z] be without common zero points,
0 < degree(r) < degree(q) and let ay, ... ,ax be the zero points for ¢ with
multiplicities mq, ... ,my.
Then there exists unique constants c;; € C such that:
28 =k oy,
e.: Rational functions is a sum of it’s principal parts. (swm. 6.12 p. 102 € [11)
Methods to find c;;:
Proof p. 102-103 and bottom p. 103 or example 6.13 p. 104.

e C(z) is a vector space over C with basis consisting of:
The monomials 1,2, 22,... and the functions o @ € C ke{l,2,...}.

(rem. 6.14 p. 104 € [1])
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15

Meromorphic Functions

For G,5 C: h:G — CU{co} is meromorphic *f
1) P={z € G| h(z) = oo} is discrete in G
2) The restriction f = h|g\p is holomorphic in the open set G\P
3) Any point a € P is a pole for f

Le.: Meromorphic is holomorphic with only cancellable singularities and

poles (def. 6.15 p. 104 € [1])

The set of meromorphic functions in Garcea(C is: M(G) (v 104 € 1y

A holomorphic function is meromorphic with P = 0 (». 105 € 111

If h(z) = ﬁf)) is a quotient of 2 holomorphic functions f,g, where g # 0-
function, then: h is meromorphic.

The poles of h are the roots of g whose order as denominator points are
higher than the order as moninator points (». 105 € 1)

A rational function is meromorphic in C with finitely many poles . 105 ¢
(1

Algebra: M(G) is a commutative legeme.
It is isomorphic to broklegemet for integritetsomridet H(G) (. 105 € 111y
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16 Laurent Series

def

e A Laurent series
a double infinite series of the form: Z;’O:_oo cn2™, where
(cn)nez are given complex numbers and z € C\{0} (act. 6.16 p. 106 € 111y

¢ Convergence of Laurent series: y. ~ __ cp2z™ is considered the sum of 2

usual series Y 0 c_pn2” ™+ > 00 cnz", both of which must converge.
They are power series in % and z respectively.

Radius of convergence py, pa,

the first absolute convergent for || < p1, the second for |z| < ps.

Only pl—l < py is interesting, since it gives that:

Y oo Cn2™ is convergent in the ring area G = {z € C | pll < |z| < p2}
between two concentric circles with center 0 and radii pl—l and pa.

For p; = o0 and py < 00: G = K'(0, p2)

For p; = 00 and pp = c0: G = C\{0}

S cn2" is holomorphic in G.

n=—oo

e Laurent series with development point a € C difm 167 € [11)
Yo o Cnlz—a)™.

Holomorphic in a ring area with center a: {z € C| Ry < |z —a| < Rz}

e For holomorphic function in the ring area G = {z € C| Ry < |z—a| < R2}
with 0 < Ry < Ry < o0:
f is represented in G as the sum of a unique Laurent series:
flz) =32 ¢n(z —a)™ for z € G and the coefficients are given by:

n=-—oo
Cn = 2%” faK(a,r) %dz, n € Z where r € |Ry, Ra[ is arbitrary

(thm. 6.17 p. 107 € [1])

e For holomorphic function f in a ring area G = {z € C | Ry < |z—a| < Ry}
we have 2 holomorphic functions given by power series:
fi(z) =30 s en(2 —a)™ in K(a, Ry) (interior)
fez) =302 == in {2 € C| |z — a| > Ri} (exterior)

where Vz € G : f(Z) = f,(z) + fe(z) (rem. 6.18 p. 110 € [1])

e For holomorphic f in the ring area Ry < |z — a| < Ra:
for r € |Ry, Ra[ we consider the function:
g-(8) = f(a+re?), § € R, which is 27-periodic. We have:
9:(6) = X5 carmei?
which is the2Foum'er series for g, which converges uniformly for 6 € R.
n _ 1 ™

™ = 5= fo 9r (0)e~"?df, the usual formula for the Fourier coefficients.

(rem. 6.19 p. 110-111 € [1])

e For Gopcen(C, a €@, feH(G\{a}):
f has an isolated singularity at a and a Laurent series in K'(a, p),
the greatest open disc in G. So f(z) = fi(2) + f.(z) where
fi(z) = X0 g ealz — @)™ in K(a, p)

f(2) = 35 2= in C\{a)
The principal part of f dif
fe(2) given by the sum for the negative powers (at. 6.20 p. 111 € 11y
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f(2) = fe(2) is holomorphic in G\{a} with a cancellable singularity at a,
and f;(z) determines the holomorphic extension to a. (. 111 € i

The isolated singularity a for f € H(G\{a}) with
Laurent series Y - cp(z —a)™ is:

1) Cancellable < ¢, =0forn <0

2) A pole & ¢ =0for all n < 0 except finitely many

3) Essential & e # 0 for infinitely many n < 0

(thm. 6.21 p. 112 € [1])

For P, ¢ . C, f € H(C\P) where none of f’s singularities a € P are
cancellable:

p =inf{|z0 — a| | a € P} is radius of convergence for the series:
f(z) = EZO:O an(z - zo)" (p. 114 € [1])
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17 Residuals And Their Use

e For GarCeaC, f € H(G\{a}), f has an isolated singularity for z = a € G,
fz) = i enlz —a)™
The residual of f in a, Res(f,a) %/ c_;. And we have:
Res(f,a) = c_1 = 5= faK(a,r) f(2)dz, for 0 < r < p, where

K(a, p) is the greatest circle in G with center a.

) : . C _
e Cauchy s residual theorem: Fo'rGenkel‘tsammenhngende areaC P = {a}, ce,an} C
G, v a simple closed contour in G which surrounds ai, ... ,a, and is tra-

versed once counter clockwise (i.e. positive orientation), f € H(G\P):
f7 f(2)dz = 27 2?21 Res(f,a;) ¢thm. 7.1 p. 121 € )y

e Some special cases of residuals for a meromorphic function h(z):

— If h has a simple pole in a, then:
Res(h,a) =lim,_,,(2 — a)h(2) (o 122 € (1))

—Ifh= )gf has a simple pole in a and f(a) # 0, g(a) = 0, ¢'(a) # 0,
then:
Res(h, a) = ;,(Z)) (p. 123 € [1])

— If h has a pole of order m > 1 in a, then if we define
#(z) = (z—a)™h(z) (i.e. ¢ has cancellable singularity in a) we have:

(m—1)
Res(h,a) = w (v 123 € 1)

17.1 Concrete Examples of Resuduals

e The residual of the rational function z — (1+1—22) in the points z = +i is:

ZF%. (ex. 7.2 (i) p. 123 € [1])

e The meromorphic function z — Shllz has simple poles for z = nw forn € Z.

. . . 1
The residual in z = nr is s = (=1)™. (ex. 7.2 Gi) p. 128 € (1])

e The function h(z) = £%52 is meromorphic in C.

See book p. 123 for further analysis. (ex. 7.2 i) p. 123 € 1)

o h(z) = 2%(2®> +1)"? is a rational function with poles of order 2 in z = +i.

Res(h,i) = —% and Res(h, —i) = i (ex. 7.2 (iv) p. 124 € [1])
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18 The Argument Principle

C . ; ;
e For G.epkeltsam.menhnge.nde areaCs b1 G = CU{oc} meromorphic function,
v positively oriented simple closed contour in G which does not pass any

of h's zero points or poles:
1 h'(z) .
orT f”r 7o) Az equals:
The number N of zero points minus the number P of poles for h in the
subarea that v sorrounds.
Each pole or zero point of order m counts as the number m. (thm. 7.3 p. 124

€ [1])

o Argument principle:
For Genkeltsammerfhwmde wrea G B 1 G = CU{oo} meromorphic function,
v positively oriented simple closed contour in G which does not pass any
of h's zero points or poles, T' = h o~y the composite closed contour:
Notice:
T is contained in C\{0}, since h does not have any zero points along v*.
If «y is defined on [a, b] then:

b1/ b n t (¢
37 Ja I‘((zz)) dz = 53 [, (g(('y)()t’)y)( Lt = prr

w(I',0) = N — P and:

argvar(F) = 27T(N — P) (thm. 7.4 p. 125-126 € [1])

Where N: The number of zero points, P: the number of poles for h,
counted with multiplicities.

Jr fdz = w(T,0), so:

e Rouché’s Theorem: For Genkeltsammeghngende wrea G [,9 € H(G), v sim-
ple closed contour in G:
IfVz € v* 1 |f(z) — 9(2)| < |f(2)] then:
f and g have the same number of zero points counted with multiplicity in
the limited area that v sorrounds. (shm. 7.5 p. 126 € 111

18.1 Topology Related
e The Open Mapping Theorem: For G S C, f non-constant holomorphic:

area

f(G) is an area and f is an open map (i.e. Q open = f(Q) open).

(thm. 7.6 p. 127 € [1])
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19 Calculating Definite Integrals

e Method: ffff(w)dw Choose closed contour v in C containing [—R, R]

(e.g. a half circle or a rectangle) and consider a meromorphic function
which equals f on the real axis. The integral from —R to R plus the
integral over the rest of the contour is:

2mi times "sum of residuals of poles contained in ~".

Usually, for R — oo the contribution over "the rest of the contour" goes
towards 0.

— E.g.: Half circle: ffR flx)dz + [ %Rieitdt is the
"sum of residuals of poles in v".

The integral [ %Rw“dt goes towards 0 for R — oo.

Theorems below gives conditions for half circle etc. (p. 128 € 11y

e For f rational: If f(z) = 58 = m—i‘lﬁn, am # 0, by, # 0 and
assuming n > m + 2 and that f does not have any poles on the real azis:
f;o f(z)dz = 2mi E;c:l Res(f,z;), where z1,... 2 are the poles on the
upper half plane. (wum. 7.8 p. 120 € 1]

e For f rational: If f(2) = % = ‘m—fj’rgﬂ, am # 0, b, # 0 and
assuming n > m + 2 and that f does not have any poles on the real azis:
f;o f(x)dx = —2mi 2321 Res(f,w;), where wy, ... ,w; are the poles on the
lower half plane. (rem. 7.9 p. 130 € (1)

e Fourier integrals *“/integrals of the form: fix;o f(x)e*®dz. ;. 130 € 1)y

e For f meromorphic in C without poles on the real axis and only with
finitely many poles z1,. ..,z in the upper half plane:
If maxo<i<r | f(Re®)| = 0 for R — oo then:
limpg_, oo ffR f(x)e?*dr = 2mi Ele Res(f(z)e*?, z;), for A > 0.

(thm. 7.10 p. 130 € [1])

e For f meromorphic in C without poles on the real azis and only with
finitely many poles w1, ... ,wy in the lower half plane:
If max,<¢<ar |f(Re®)| = 0 for R — oo then:

limpg_ 00 f?Rf(x)e”‘””d:c = —27i Z;Zl Res(f(z)e®*,w;), for A < 0.

(rem. 7.11 p. 131 € [1])

e Method: Integrals of the form f027r f(cost,sint)dt can be rewritten to
become a curve integral. (p. 134 € ny FIXME: Add the details here...
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19.1 Concrete Examples of Definite Integrals

® (ex. 7.12 p. 131 € [1])

. R &
[ ] hmR—)oo f—R Sl%dx = 7M. (ex. 7.13 p. 132-133 € [1])
This is a large example involving integration along a rectangle.

® (ex. 7.14 p. 134 € [1])

20 Evaluation of Infinite Series
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21

The Maximum Principle

Local Maximum Principle: (thm. 8.1 p. 143 € 11])
For GMCMC and f : G — C a non-constant holomorphic function:
Then |f| does not have a local mazimum in any point a € G.

Global Maximum Principle:_(mm. 8.2 p. 144 € [1])
For G”mite% wreaCand f:G—C continuouiand holomorphic in G-
The mazimum value M = sup{|f(z)| | z € G} is assumed at a point at

the edge of G, but not in any point of G unless is constant.

For holomorphic function f : K(0,p) — C, where 0 < p < oo:

The mazimum modulo my : [0, p] = [0,00] */

myg(r) =max{f(z) | |z| <r},0<r <p.

my is growing, and even strictly growing if f is not constant. (. 144 € o

Schwartz’ lemma: For f : K(0,1) — K(0,1) holomorphic with f(0) = 0:
— f(2)] < 2], for |2] < 1
- [0 <1

If one of these two inequalities have equality, then

there ezists a A € C with |\| = 1 such that f is given by f(z) = Az
Le. f is a rotation with angle arg()) around 0. (shm. 8.3 p. 144 € 1]y

For zo € K(0,1):
f20(2) = £=2% is a bijective holomorphic function of K (0,1) onto K (0, 1).
The inverse is f—zo (thm. 8.4 p. 146 € [1])

For G Mcea C:

Aut(QG) is the set of bijective holomorphic functions f : G — G.
It is a subgroup of the group of bijective functions of G onto G.
Aut(G) is called the automophy group for G. (. 146 € 1)

Aut(K(0,1)) = {Afz | |A =1, |2| < 1}, where f,,(2) = 2%, (. 146 € 111)

1—zpz"
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22.1

Theorems from Metric Spaces and Topology

Misc
Let G_ S C and K(a,r) C G. Then:

open

there exists R > r with K(a, R) C G (lemma 3.6 p. 47 € 111y

Borel’s Coverage Theorem: K C Cor K c RE.

closed,limited closed,limited
For any family (G;)icr of open sets in RE which covers K

(i.,e. K C UjerGy),

there exists finitely many indices i1,... ,i, € I such that

K C Gi1 J---u Gi" . (thm. 4.13 p. 64 € [1])

IfK,F S ,C(or R*), F,K # 0 and disjoint, K limited then:

d(K,F) =inf{lz —y| |z € K,y € F} >0,

and there exists points x' € K and y' € F such that |2’ —y'| = d(K, F)
(thm. A.1 p. 149 € [1])

If K,F < C(or R¥), F,K # 0 and disjoint, F, K both unlimited then:

closed

it may be that d(K, F) = 0 (thm. A.2 p. 149 € [1])

A S RF A limited, f : A — R continuous =

closed ™ . .
f(A) limited and closed in R (tum. a.3 p. 150 € 1))

ACC (or R¥). a € C (or R*) is a condensation point for A %S
Vr>0: K’(a,r) nA 75 0 (def. 5.4 p. 75 € [1])
= there ezists a sequence z,, € A\{a} such that z,, — a for n = oo

For ACC (or R*). a € A is isolated in A I
a is not a condensation point, i.e.:

dr >0: K(a, 7') NA= {a} (def. 5.4 p. 75 € [1])

G . C C. AcCQG is discrete *f

open . .
A does not have any condensation points in G (aet. 55 . 75 € (1))

G S C. AcCQG is discrete =

open
A countable and G A is open (i.e. A closed w.rt. G) (shm. 5.6 p. 75 € (1))

A C C curve connected, f : A — C continuous. f(A) discrete in C =
f constant (shm. 5.7 p. 76 € 11)

The distance from a point z to a closed, non-empty set F dif
dp(z) = inf{|z — a| | a € F} (p. 150 € [1])

dp : C — [0, 00[ is continuous and:

VzeC: dF(Z) =0 2 € F. (thm. aap. 150 € [1])

Also holds in RF.

For any G S C (or R*): There exists a growing sequence K1 C Ko C -+

open
of closed limited subsets of G, where U;enK; = G (thm. 4.5 p. 151 € [1])

For A C C curve connected and f : A — C continuous:
the set f(A) is also curve connected. (snm. a.10 p. 152 € 1]y
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22.2 Sequences and Convergence

e For set M C C. A sequence of functions f, : M — C converges
pointwise towards f: M — C dif
Ve € M :lim, o0 frn(z) = f(2) = .55 €
Vee M:Ye>0:ANeN:Vne N:(n > N = |f(z) — fu(z)| <€)

e For set M C C. A sequence of functions f, : M — C converges
uniformly towards f: M — C %/
lim,, 00 sup{|f(a:) — fn(.'ll')| | T € M} — 0 = (det. 4.1 p. 56-57 € [1])
Ve>0:3N € N:Vn € N:sup{|f(z) — fu(z)| |z € M} <e=
Ve>0:INeN:VneN:Vz e M :(n> N = |f(z) — fu(z)| <€)

e For M C C (or M metric space), and a uniformly convergent sequence
fn: M — C converging towards f: M — C: (thm. 42 5. 57 € (1))
Vzo € M : (Vn € N: f,, continuous in z9) = f continuous in 2g

e The sequence f, : M — C converges uniformly towards f: M — C =
VA C M : fn]a converges uniformly towards f|A (rem. 4.7 5. 59 € 111y

o If f,,: M — C converges pointwise towards f : M — C, then:
for any A, B C C, where f,|4 converges uniformly towards f|4 and
fn|lB converges uniformly towards f|p:
fnlaup converges uniformly towards f|Aup (rem. 4.7 p. 59 € 111)

22.3 Series and Convergence

o An infinite series Y .- fn(2) of functions f, : M — Cis uniformly

convergent with stamfunktion S: M — C dif
The prefiz sequence Sy (z) = > p_o fr(2), for x € M,
converges uniformly towards S. (aer. 4.3 p. 58 € [1])

o The Majorant Theorem of Weierstrass: Let > °  fn(x) be an infinite
series of functions f, : M — C and assume that there ezists a convergent
magorant series, i.e. a convergent series Efzo an where
VneNy:ap>0and VYn e Ny :Vz € M : |f(z)| < ap, then:

Yo7 o fnlz) converges uniformly on M. (nm. 4.4p. 58 € (1)
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